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1 Introduction
We usually define Floer homology for Lagrangian submanifolds in sym-
plectic manifolds, but there are many important non-smooth guys such
as algebraic varieties and Lagrangian subvarieties. Our first plan to con-
struct Floer theory for such non-smooth objects is to do for something
like open strata of them. The open strata are non-compact, and we will
start with concave ends.
Floer’s chain complexes for Lagrangian submanifolds in closed sym-
plectic manifolds are generated by intersection points of Lagrangian sub-
manifolds and whose differentials count pseudo-holomorphic strips with
Lagrangian boundary conditions. In this paper we will propose Floer’s
chain complexes for Lagrangian submanifolds in symplectic manifolds
with concave ends.
A symplectic form ω on a smooth manifold X is a non-degenerate
closed 2-form. The non-degeneracy induces the existence of almost com-
plex structures J such that ω(·, J ·) is a metric on X . In particular, we
consider time-dependent almost complex structures Jt, t ∈ [0, 1].
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A Lagrangian submanifold L is an n-dimensional submanifold in X2n
such that ω|TL = 0. Here we assume the following conditions for La-
grangian submanifolds L0 and L1.
Assumption 1.1 (Nondegeneracy of intersections)L0 and L1 intersect
transversally.
Assumption 1.2 (Admissibility)If u : S1 × [0, 1] → X is a map such
that u(S1, 0) ⊂ L0 and u(S1, 1) ⊂ L1, then ∫S1×[0,1] u∗ω = 0.
Let (X, J) be an almost complex manifold and (Σ, j) a Riemann
surface with a complex structure j. A pseudo-holomorphic curve is a
map u : Σ→ X such that
∂Ju :=
1
2
(du+ J ◦ du ◦ j) = 0.
Our Riemann surface is R× [0, 1] with the natural complex structure i,
and our almost complex structures on X are time-dependent, then we
consider the following elliptic partial differential equation
∂Jtu(τ, t) :=
∂u(τ, t)
∂τ
+ Jt(u(τ, t))
∂u(τ, t)
∂t
= 0,
where (τ, t) ∈ R × [0, 1]. Define M(p, q), for p and q ∈ L0 ∩ L1, to be
the set of maps u : R× [0, 1]→ X such that
• u(R, 0) ⊂ L0 and u(R, 1) ⊂ L1
• limτ→−∞ u(τ, [0, 1]) = p and limτ→∞ u(τ, [0, 1]) = q
• ∂Jtu(τ, t) = 0.
We call a map satisfying the above conditions a pseudo-holomorphic strip
and M(p, q) the moduli space of pseudo-holomorphic strips. Note that
R acts on M(p, q) by (a ∗ u)(τ, t) := u(τ − a, t) with a ∈ R. We denote
the quotient by Mˆ(p, q). Then Floer proved the following theorem [5].
Theorem 1.3 If Jt is generic, then M(p, q) is a smooth finite dimen-
sional manifold.
Floer’s chain complexes in symplectic manifolds with concave ends 3
The generic means that Jt is an element of a Baire category set in a
certain Banach space of time-dependent almost complex structures.
For the compactification of the moduli spaces in Floer’s context, we
need the following condition.
Assumption 1.4 (π2-condition)If u : D
2 → X is a map such that
u(∂D2) ⊂ L, then ∫D2 u∗ω = 0.
Assume that L0 and L1 satisfy the π2-condition.
Theorem 1.5 Let X be a closed symplectic manifold. Then Mˆ(p, q) can
be compactified (with respect to the topology of uniform convergence with
all derivatives on compact set).
In fact, if the dimension of Mˆ(p, q) is equal to 0, then Mˆ(p, q) is compact,
and if the dimension of Mˆ(p, q) is equal to 1, then it can be compactified
so that the boundary is
⋃
dimMˆ(p,r)=dimMˆ(r,q)=0
Mˆ(p, r)× Mˆ(r, q). (1)
(To show (1) we need also the gluing theorem [5].)
Let C be the free Z2-vector space over the elements of L0 ∩ L1. We
define a linear map ∂ : C → C in terms of the canonical bases
∂p :=
∑
q∈L0∩L1
♯Mˆ(p, q)q,
where the sum ranges over all q ∈ L0 ∩ L1 such that dimMˆ(p, q) = 0
and where ♯Mˆ(p, q) is the modulo 2 number of the elements of Mˆ(p, q).
Then Floer proved the following theorem [5].
Theorem 1.6 ∂ ◦ ∂ = 0.
The idea of Theorem 1.6 is very important for us, hence we adopt the
proof. For p ∈ L0 ∩ L1
∂∂p = ∂
∑
q∈L0∩L1
♯Mˆ(p, q)q
=
∑
r∈L0∩L1
∑
q∈L0∩L1
♯Mˆ(p, q)♯Mˆ(q, r)r.
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∑
q∈L0∩L1 ♯Mˆ(p, q)♯Mˆ(q, r) is nothing but the number of the boundary
components of the compactification of a 1-dimensional smooth manifold
Mˆ(p, r), and then even.
We call the chain complex (C, ∂) the Floer’s chain complex for L0 and
L1 in X .
By using the universal Novikov ring as in [9], we can remove the ad-
missibility. On the other hand, many persons made effort to weaken the
π2-condition [15] and [16], and it grows into an obstruction theory of the
boundary operators [9].
Next we will consider (1) from another angle. Let {ui}i=1,2,... be a
sequence of elements in Mˆ(p, q) which converges to an element (v, w) ∈
ˆM(p, r)× Mˆ(r, q), see Figure 1.
ui
q
p
=⇒
v
w
q
p
r
Figure 1
This phenomenon implies that, at the limit of the sequence, a generator
r of the Floer’s chain complex appears at the intersection point r. For
simplicity, we assume that X , around r, is locally isomorphic to Cn,
where r corresponds to the origin, and L0 and L1 are locally isomorphic
to Rn and (
√−1R)n, respectively. Consider Cn\{0} to be (0,∞)×S2n−1
through the polar coordinate, and moreover transform it into R× S2n−1
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by
(0,∞)× S2n−1 → R× S2n−1, (ρ, x) 7→ (α, x) := (log ρ, x),
=⇒
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Figure 2
so that L0 and L1 are locally diffeomorphic to R × Λ0 and R × Λ1,
respectively, where Λ0 and Λ1 are (Legendrian) submanifolds in S
2n−1
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(with the standard contact form). Then the limit of {ui}i=1,2,... looks like
the following: ui’s grow toward −∞, and at the limit there appear three
pseudo-holomorphic strips v, w and z as in Figure 2. (The segments
between Λ0 and Λ1 are Reeb chords.)
In comparison with the intersection point r, this phenomenon implies
that, at the limit of the sequence, a generator z of the Floer’s chain com-
plex for L0 \ {r} and L1 \ {r} in X \ {r} appears at −∞ of the (concave)
end.
The content of our paper is as follows: Section 2 defines concave/convex
ends of non-compact symplectic manifolds and pseudo-holomorphic strips.
Section 3 proposes Floer’s chain complexes for Lagrangian submanifolds
in symplectic manifolds with concave/convex ends. Section 4 proves some
gluing arguments for pseudo-holomorphic strips and Section 5 observes
the bubbling off phenomenon for pseudo-holomorphic curves.
Sign convention; through this paper, Lp1 is the space of functions/sections
f such that
∫ |f |p + ∫ |Df |p <∞ for p > 2.
2 Pseudo-holomorphic strips in symplectic
manifolds with concave ends
Let M be a smooth oriented manifold of dimension 2n + 1. A contact
form onM is a 1-form λ such that λ∧(dλ)n is a volume form onM . Then
the 2-form d(eαλ) is a symplectic structure in R×M , where α ∈ R. We
call (R×M, d(eαλ)) the symplectization of (M,λ), and there is a natural
projection πM : R×M →M .
Let X be a non-compact symplectic manifold which, out side a com-
pact set, is diffeomorphic to cylinders. If a cylinder is symplectically iso-
morphic to ((−∞, R−)×M−, d(eαλ−)) for (M−, λ−) and R− ∈ R, then
we call the cylinder a concave end. Similarly, if a cylinder is symplecti-
cally isomorphic to ((R+,∞)×M+, d(eαλ+)) for (M+, λ+) and R+ ∈ R,
then we call the cylinder a convex end.
A Legendrian submanifoldΛ is an n-dimensional submanifold in (M2n+1, λ)
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which satisfies TΛ ⊂ Kerλ. Then R× Λ is a Lagrangian submanifold in
the symplectization.
Let L be a Lagrangian submanifold in a non-compact symplectic man-
ifold whose ends are concave or convex. If L is non-compact, then we
assume that L satisfies the following.
Assumption 2.1 (Cone-condition)L|(−∞,R−)×M− = (−∞, R−)×Λ− and
L|(R+,∞)×M+ = (R+,∞)×Λ+, where Λ− and Λ+ are Legendrian subman-
ifolds.
Associated to λ there are two important structures. First of all the
so-called Reeb vector field X = Xλ defined by iXλ ≡ 1 and iXdλ ≡ 0,
and secondly the contact structure ξ = ξλ given by ξ := Kerλ ⊂ TM .
TM splits into RXλ⊕ ξ, and we have a natural projection πξ : TM → ξ.
(We shall use the same notation ξ to denote π∗Mξ.) Moreover, on the
symplectization, T (R×M) splits into E⊕ξ, where E := R ∂
∂θ
⊕π∗MRXλ,
and we will use a natural projection πE : T (R×M)→ E.
Let {ϕt}0≤t≤T be the isotopy on M such that{
d
dt
ϕt = Xλ ◦ ϕt,
ϕ0 = id.
From the definition, we can conclude that d
dt
(ϕ∗tλ) = 0 and
d
dt
(ϕ∗tdλ) = 0,
and then dϕT (ξp) = ξϕT (p) and dϕTXλ(p) = Xλ(ϕT (p)) for p ∈M .
We call a map γ : R/TZ → M such that γ˙ = Xλ(γ) a closed char-
acteristic of period T . Similarly, we call a map γ : [0, T ] → M such
that γ˙ = Xλ(γ) with γ(0) ∈ Λ0 and γ(T ) ∈ Λ1, where Λ0 and Λ1 are
Legendrian submanifolds, a Reeb chord from Λ0 to Λ1 of length T .
The restriction of dλ on ξ is non-degenerate, hence dλ|ξ induces com-
plex structures I on ξ such that the bilinear form
dλ(x)(h, I(x)k), h, k ∈ ξx
is a positive definite inner product, and then
gM(h, k) := λ(h)λ(k) + dλ(πξ(h), Iπξ(k)), h, k ∈ TM,
gives a metric on M . For a, b ∈ R and k ∈ ξ,
I(a
∂
∂θ
+ bXλ + k) := −b ∂
∂θ
+ aXλ + Ik
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is an almost complex structure on R ×M , and the equation of pseudo-
holomorphic curve for u := (α, u) : Σ→ R×M turns out to be
{
πξ ◦ du+ Iπξ ◦ du ◦ j = 0,
(u∗λ) ◦ j = dα.
For pseudo-holomorphic strips we consider time-dependent complex struc-
tures It on ξ, and if X is a symplectic manifolds with concave or convex
ends, then we suppose that time-dependent almost complex structures
Jt on X , out side a compact set, are of the form It.
Let L0 and L1 be Lagrangian submanifolds inX such that L0|(−∞,R−]×M− =
(−∞, R−]×Λ−0 and L0|[R+,∞)×M+ = [R+,∞)×Λ+0 , and also L1|(−∞,R−]×M− =
(−∞, R−]× Λ−1 and L1|[R+,∞)×M+ = [R+,∞)× Λ+1 . We assume that L0
and L1 satisfy Assumption 1.1 (, and hence Λ
−
0 ∩Λ−1 = ∅ and Λ+0 ∩Λ+1 =
∅). Moreover we assume the following condition for Λ−0 and Λ−1 .
Assumption 2.2 (Nondegeneracy of Reeb chords) Let γ : [0, T ] → M
be a Reeb chord from Λ−i to Λ
−
j , i 6= j. Then dϕT (Tγ(0)Λ−i ) and Tγ(T )Λ−j
intersect transversally in ξγ(T ), where {ϕt}0≤t≤T is the isotopy generated
by the Reeb vector field.
From the above assumption we can conclude that Reeb chords are iso-
lated.
Now we will consider non-constant pseudo-holomorphic strips, i.e.,
maps u : Σ = R× [0, 1]→ X such that
∂Jtu(τ, t) = 0
u(R, 0) ⊂ L0 and u(R, 1) ⊂ L1,
with the following asymptotic conditions. (We are interested in concave
ends, hence for simplicity we shall use notation M instead of M−.) In
the following we denote u on concave ends (−∞, R−]×M by (α, u):
(I) limτ→−∞ u(τ, [0, 1]) = p− and limτ→∞ u(τ, [0, 1]) = p+ for p− and
p+ ∈ L0 ∩ L1.
(II) limτ→∞ u(τ, [0, 1]) = p+ ∈ L0 ∩ L1, and there is a Reeb chord
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γ− : [0, T−] → M from Λ−0 to Λ−1 such that limτ→−∞ α(τ, t) = −∞
and limτ→−∞ u(τ, t) = γ−(T−t).
(II′) limτ→−∞ u(τ, [0, 1]) = p− ∈ L0 ∩ L1, and there is a Reeb chord
γ+ : [0, T+] → M from Λ−1 to Λ−0 such that limτ→∞ α(τ, t) = −∞ and
limτ→∞ u(τ, t) = γ+(T+(1− t)).
(III) There is a Reeb chord γ− : [0, T−] → M from Λ−0 to Λ−1 such
that limτ→−∞ α(τ, t) = −∞ and limτ→−∞ u(τ, t) = γ−(T−t), and a Reeb
chord γ+ : [0, T+] → M from Λ−1 to Λ−0 such that limτ→∞ α(τ, t) = −∞
and limτ→∞ u(τ, t) = γ+(T+(1− t)).
Moreover we will consider the following extra pseudo-holomorphic strips
in the symplectization of M , i.e., u := (α, u) : Σ = R × [0, 1] → R ×M
such that
∂Itu(τ, t) = 0
u(R, 0) ⊂ R× Λ−0 and u(R, 1) ⊂ R× Λ−1
with the asymptotic conditions:
(IV) There is a Reeb chord γ− : [0, T−] → M from Λ−1 to Λ−0 such that
limτ→−∞ α(τ, t) = ∞ and limτ→−∞ u(τ, t) = γ−(T−(1 − t)), and a Reeb
chord γ+ : [0, T+] → M from Λ−0 to Λ−1 such that limτ→∞ α(τ, t) = ∞
and limτ→∞ u(τ, t) = γ+(T+t).
(V) There is a Reeb chord γ− : [0, T−] → M from Λ−0 to Λ−1 such that
limτ→−∞ α(τ, t) = −∞ and limτ→−∞ u(τ, t) = γ−(T−t), and a Reeb chord
γ+ : [0, T+] → M from Λ−0 to Λ−1 such that limτ→∞ α(τ, t) = ∞ and
limτ→∞ u(τ, t) = γ+(T+t).
(V′) There is a Reeb chord γ− : [0, T−] → M from Λ−1 to Λ−0 such that
limτ→−∞ α(τ, t) = ∞ and limτ→−∞ u(τ, t) = γ−(T−(1 − t)), and a Reeb
chord γ+ : [0, T+] → M from Λ−1 to Λ−0 such that limτ→∞ α(τ, t) = −∞
and limτ→∞ u(τ, t) = γ+(T+(1− t)).
If γ− = γ+ = γ of length T , then there is a trivial pseudo-holomorphic
strip u := (Tτ, γ(T t)) of the type (V), and also u := (−Tτ, γ(T (1− t)))
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of the type (V′).
For the each asymptotic, we put the following exponential decay con-
dition:
(1) If limτ→−∞ u(τ, t) = p− ∈ L0 ∩ L1, then there are some constants
ρ−, C
−
β and d− > 0, and a function ξ−(τ, t) ∈ C∞(R× [0, 1], Tp−X) such
that
• u(τ, t) = expp− ξ−(τ, t) for τ < ρ−,
• |∂βξ−(τ, t)| < C−β ed−τ .
(1′) If limτ→∞ u(τ, t) = p+ ∈ L0 ∩ L1, then there are some constants ρ+,
C+β and d+ > 0, and a function ξ+(τ, t) ∈ C∞(R× [0, 1], Tp+X) such that
• u(τ, t) = expp+ ξ(τ, t) for ρ+ < τ ,
• |∂βξ+(τ, t)| < C+β e−d+τ .
Let ι : [0, 1] × {z ∈ R2n, |z| < ε} → M be an immersion such that
ι(t, 0) = γ(T t), where γ is a Reeb chord of length T :
(2) If limτ→−∞ α(τ, t) = −∞ and limτ→−∞ u(τ, t) = γ−(T−t), then there
are some τ− such that u(τ, t) ∈ Im ι− for τ < τ−, where ι− is the immer-
sion with respect to γ−. If we denote the ι− pull-back of (α, u) by
(α, θ−, z−) : (−∞, τ−]× [0, 1]→ R× [0, 1]× {z ∈ R2n, |z| < ε},
then there are some constants c−, C
−
β and d− > 0 such that
|∂β [α(τ, t)− (T−τ + c−)]| ≤ C−β ed−τ ,
|∂β[θ−(τ, t)− t]| ≤ C−β ed−τ ,
|∂βz−(τ, t)| ≤ C−β ed−τ .
(2′) If limτ→∞ α(τ, t) = −∞ and limτ→∞ u(τ, t) = γ+(T+(1 − t)), then
there are some τ+ such that u(τ, t) ∈ Im ι+ for τ+ < τ , where ι+ is the
immersion with respect to γ+. If we denote the ι+ pull-back of (α, u) by
(α, θ+, z+) : [τ+,∞)× [0, 1]→ R× [0, 1]× {z ∈ R2n, |z| < ε},
Floer’s chain complexes in symplectic manifolds with concave ends 11
then there are some constants c+, C
+
β and d+ > 0 such that
|∂β [α(τ, t)− (−T+τ + c+)]| ≤ C+β e−d+τ ,
|∂β [θ+(τ, t)− (1− t)]| ≤ C+β e−d+τ ,
|∂βz+(τ, t)| ≤ C+β e−d+τ .
(3) If limτ→−∞ α(τ, t) = ∞ and limτ→−∞ u(τ, t) = γ−(T−(1 − t)), then
there are some τ− such that u(τ, t) ∈ Im ι− for τ < τ−, where ι− is the
immersion with respect to γ−. If we denote the ι− pull-back of (α, u) by
(α, θ−, z−) : (−∞, τ−]× [0, 1]→ R× [0, 1]× {z ∈ R2n, |z| < ε},
then there are some constants c−, C
−
β and d− > 0 such that
|∂β [α(τ, t)− (−T−τ + c−)]| ≤ C−β ed−τ ,
|∂β [θ−(τ, t)− (1− t)]| ≤ C−β ed−τ ,
|∂βz−(τ, t)| ≤ C−β ed−τ .
(3′) If limτ→∞ α(τ, t) =∞ and limτ→∞ u(τ, t) = γ+(T+t), then there are
some τ+ such that u(τ, t) ∈ Im ι+ for τ+ < τ , where ι+ is the immersion
with respect to γ+. If we denote the ι+ pull-back of (α, u) by
(α, θ+, z+) : [τ+,∞)× [0, 1]→ R× [0, 1]× {z ∈ R2n, |z| < ε},
then there are some constants c+, C
+
β and d+ > 0 such that
|∂β [α(τ, t)− (T+τ + c+)]| ≤ C+β e−d+τ ,
|∂β [θ+(τ, t)− t]| ≤ C+β e−d+τ ,
|∂βz+(τ, t)| ≤ C+β e−d+τ .
Define MI(p, q) to be the set of pseudo-holomorphic strips of the
form (I) with (1) and (1′), also MII(γ−, p+) of the form (II) with (2)
and (1′), MII′(p−, γ+) of the form (II′) with (1) and (2′), MIII(γ−, γ+)
of the form (III) with (2) and (2′), MIV (γ−, γ+) of the form (IV) with
(3) and (3′), MV (γ−, γ+) of the form (V) with (2) and (3′) and finally
MV ′(γ−, γ+) of the form (V′) with (3) and (2′). Note that R acts on the
moduli spaces of the type (I), (II), (II′) and (III) by d
da
(a ∗ u), a ∈ R.
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On the other hand, for the moduli spaces of the type (IV), (V) and (V′),
R2 acts on them by d
da
(a ∗ u) for (a, 0) ∈ R2 and d
db
(b♯u) for (0, b) ∈ R2,
where b♯u := (α − b, u) for u := (α, u). We shall denote these quotients
by Mˆ∗(∗, ∗).
First we recall the index for strips of the type (I) with (1) and
(1′). (This part is so standard, the reader may skip to the next con-
tent.) Choose a trivialization {e−1 , e−2 , . . . , e−2n+1, e−2n+2} of Tp−X such that
ωp−(e
−
2i−1, e
−
2j) = δij , and similarly {e+1 , e+2 , . . . , e+2n+1, e+2n+2} of Tp+X such
that ωp+(e
+
2i−1, e
+
2j) = δij . We assume that our time-dependent almost
complex structures Jt satisfy the following condition.
Assumption 2.3 A time-dependent almost complex structure Jt, t ∈
[0, 1], satisfies that Jt on Tp−X is standard with respect to {e−1 , e−2 , . . . , e−2n+1, e−2n+2},
i.e., Jte
−
2i−1 = e
−
2i and Jte
−
2i = −e−2i−1, and similarly Jt on Tp+X is stan-
dard with respect to {e+1 , e+2 , . . . , e+2n+1, e+2n+2}.
(We can always choose such almost complex structures.) Let g(t), t ∈
[0, 1], be a time-dependent metric on X such that L0 is totally geodesic
with respect to g(0) and similarly L1 is totally geodesic with respect to
g(1). We denote by exp := exp(t) : TX → X the exponential map. Let
u ∈ Lp1(R×[0, 1];X,L0, L1) be a map satisfying the Lagrangian boundary
conditions and (I) with the decay conditions (1) and (1′). (u need not
be pseudo-holomorphic.) For η ∈ Lp1(u∗TX, u∗TL0, u∗TL1), a section of
u∗TX with η(τ, 0) ∈ Tu(τ,0)L0 and η(τ, 1) ∈ Tu(τ,1)L1, we define a map
fu : L
p
1(u
∗TX, u∗TL0, u
∗TL1)→ Lp(u∗TX ⊗ ∧0,1T ∗(R× [0, 1])) by
fu(η) := Φu(η)
−1∂Jt(expu(η)), (2)
where Φu(η) : TuX → TexpuX denotes parallel transport of a connection
along the geodesic t→ expu(tη). The differential Dfu(0) is
Dfu(0)η = ∇∂/∂τη + Jt(u(τ, t))∇∂/∂tη + (∇ηJt)∂tu.
As τ → −∞, the right hand side is
∇∂/∂τη + Jt(p−)∇∂/∂tη, (3)
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and if we denote η =
∑2n+2
i=1 ηie
−
i , then an equation (3) = 0 turns out to
be
∂
∂τ


η1
...
η2n+2

+ J0 ∂∂t


η1
...
η2n+2

 = 0.
For simplicity we shall use Eu to denote Dfu(0) and put Eu =
d
dτ
− Qt.
Then we conclude that Q−∞ has no eigenvectors of eigenvalue 0 from As-
sumption 1.1. Similarly, as τ →∞, Q∞ also has no eigenvectors of eigen-
value 0. SinceQ−∞ andQ∞ are invertible, Eu : L
p
1(u
∗TX, u∗TL0, u
∗TL1)→
Lp(u∗TX ⊗ ∧0,1T ∗(R× [0, 1])) is Fredholm. IndEu denotes the index of
Eu.
Similarly we will introduce an index for strips of the type (II) with
(2) and (1′). For Reeb chords γ : [0, T ] → M we define γ(t) :=
γ(T t). Consider the pull-back γ∗ξ over I := [0, 1] and choose a triv-
ialization {e1, e2, . . . , e2n} such that ei(t) = dϕTtei(0), t ∈ [0, 1], and
γ∗dλ(e2i−1(0), e2j(0)) = δij . Take a time-dependent connection ∇λ :=
∇λ(t), t ∈ [0, 1], on ξ so that the holonomy of γ∗∇λ(t) agrees with dϕTt
along the Reeb chords, i.e., γ∗∇λ(t)ei(t) = 0. Let {f1, f2, . . . , f2n} be
another trivialization such that γ∗It(t) is the standard complex structure
J0 with respect to {f1(t), f2(t), . . . , f2n(t)}, i.e., γ∗It(t)f2i−1(t) = f2i(t)
and γ∗It(t)f2i−1(t) = −f2i(t). If ei(t) = ∑2nj=1 aij(t)fj(t) and A := [aij(t)],
then
γ∗Itγ
∗∇λ∂
∂t
2n∑
i=1
ηi(t)fi(t) = [f1f2 · · ·f2n]

J0
∂
∂t


η1
...
η2n

− J0∂A∂t A−1


η1
...
η2n



 .
We conclude that −J0 ∂A∂t A−1 is symmetric if the complex structures sat-
isfy the following condition.
Assumption 2.4 A time-dependent complex structure It, t ∈ [0, 1], on
ξ satisfies that γ∗dλ is standard with respect to {f1(t), f2(t), . . . , f2n(t)},
i.e., γ∗dλ(f2i−1(t), f2j(t)) = δij .
(We can always choose ∇λ and It as above. In fact, if we choose them
so that ei(t) = fi(t), then aij(t) = δij .) The double I ′ of I is the circle
I ′ = I ∪∂I I where I is the mirror image of I and corresponding points
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on the boundary are identified. We denote κ a natural involution. The
doubling of γ∗ξ is completely similar. Let γ∗ξ denote the vector bundle
over I whose fiber (γ∗ξ)κ(t) is (γ∗ξ)t with the complex structure −γ∗It(t).
Then the double γ∗ξ′ over I ′ is obtained by gluing γ∗ξ and γ∗ξ along ∂I.
The identification is realized by the automorphism s of γ∗ξ|∂I which is
the anti-complex reflection through Tγ(0)Λ0 over γ(0) and through Tγ(T )Λ1
over γ(T ). We denote γ∗I ′t the double of the complex structure on γ
∗ξ′
which is γ∗It on γ
∗ξ and −γ∗It on γ∗ξ. An element η′ ∈ Lp1(γ∗ξ′) is
defined by η′|I = η1 ∈ Lp1(γ∗ξ) and κ˜ ◦ (η′|I) ◦ κ = η2 ∈ Lp1(γ∗ξ), where κ˜
is the natural involution lifting κ. These satisfy η2|∂I = s ◦ (η1|∂I) which
is equivalent to
η1 + η2 ∈ Lp1(γ∗ξ;Tγ(0)Λ0, Tγ(T )Λ1),
γ∗It(η1 − η2) ∈ Lp1(γ∗ξ;Tγ(0)Λ0, Tγ(T )Λ1).
Conversely, any couple (η1, η2) ∈ Lp1(γ∗ξ)× Lp1(γ∗ξ) satisfying the above
conditions defines η′ ∈ Lp1(γ∗ξ′). We can now define the double operator
γ∗∇λ(t)′ by γ∗∇λ(t) on γ∗ξ and κ˜◦γ∗∇λ(t)◦κ on γ∗ξ. We conclude that
the holonomy around the circle I ′ is equal to −id from Assumption 2.2,
and then the equation for sections η′(t) ∈ Lp1(γ∗ξ′)
γ∗I ′tγ
∗∇λ∂
∂t
(t)′η′(t) = 0
has no eigen functions of eigen value 0.
Let ∇ := ∇(t) be a time-dependent connection on TX which, out
side a compact set, is of the form: the restriction on E is trivial, i.e.,
∇(a ∂
∂θ
+bXλ) = da⊗ ∂∂θ+db⊗Xλ, and the restriction on ξ is the pull-back
of ∇λ. Similarly, a time-dependent almost complex structure Jt on X ,
out side a compact set, is of the form It. Let u be a map which satisfies
the Lagrangian boundary conditions and (II) and the decay condition
(2). (u need not be pseudo-holomorphic.) Then, the differential Dfu(0)
is
Dfu(0)η = ∇∂/∂τη + J(u(τ, t))∇∂/∂tη + (∇ηJ)∂tu.
As τ → −∞, the right hand side is
∇∂/∂τη + It(γ−(T−t))∇∂/∂tη, (4)
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and if we denote η = η1
∂
∂θ
+ η2Xλ+
∑2n+2
i=3 ηifi, then an equation (4) = 0
splits into
∂
∂τ
[
η1
η2
]
+
[
0 −1
1 0
]
∂
∂t
[
η1
η2
]
= 0,
∂
∂τ


η3
...
η2n+2

+ J0 ∂∂t


η3
...
η2n+2

− J0∂A∂t A−1


η3
...
η2n+2

 = 0.
If we consider the double operator ofEu onR×S1 := (R×[0, 1])∪∂(R×[0,1])
(R× [0, 1]) (the double is exactly similar to that in the last paragraph),
then Q−∞ has eigenvectors (η1, η2, η3, . . . , η2n+2) = (1, 0, 0, . . . , 0) and
(0, 1, 0, . . . , 0) of eigenvalue 0. (If we simply consider Eu on R × [0, 1],
then Q−∞ on I has an eigenvector (1, 0, . . . , 0) of eigenvalue 0 under the
Lagrangian boundary conditions.)
Now we introduce weighted Sobolev spaces for the Fredholm theory
of Eu. For 0 < δ < 2π and τ− as in the decay condition (2), we define a
smooth decreasing function σ by
σ(τ) :=
{ −δ(τ − τ− + 1), τ ≤ τ− − 2,
0, τ− ≤ τ,
and a cut function β : R→ [0, 1] by
β(τ) :=
{
1, τ ≤ τ− − 1,
0, τ− ≤ τ.
For a section η of u∗TX|(−∞,τ−]×M , we denote η = ηE + ηξ, where ηE is
the E component and ηξ is the ξ component. Then we define weighted
Sobolev norms by
‖η‖Lp1;σ :=
{∫
[τ−,∞)×[0,1]
(1− β(τ))(|η|p + |∇η|p)dτdt
+
∫
(−∞,τ−]×[0,1]
eσ(τ)β(τ)(|ηE |p + |∇ηE |p) + β(τ)(|ηξ|p + |∇ηξ|p)dτdt
}1/p
,
and similarly
‖η‖Lp0;σ :=
{∫
[τ−,∞)×[0,1]
(1− β(τ))|η|pdτdt+
∫
(−∞,τ−]×[0,1]
eσ(τ)β(τ)|ηE|p + β(τ)|ηξ|pdτdt
}1/p
.
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We define Lp1;σ to be the set of sections f such that ‖f‖Lp1;σ < ∞, and
also Lp0;σ. Let I : L
2 → L20;σ be the following isometric transformation.
I(η)(τ, t) :=
{
e−σ(τ)/2ηE + ηξ, τ ≤ τ−
η, τ− ≤ τ
Then we obtain
Eu;σ(η)(τ, t) := I
−1EuI(η)(τ, t) = (Euη)(τ, t)− 1
2
dσ
dτ
ηE.
As τ → −∞, Eu;σ is equal to
∂
∂τ
−Q−∞ + δ
2
πE.
Since −Q−∞ + δ2πE is invertible (and Q∞ is also invertible, see the last
paragraph), Eu;σ : L
2
1 → L2 is a Fredholm operator, which implies that
Eu : L
2
1;σ → L20;σ is Fredholm. IndEu;σ denotes the index of Eu;σ.
Note that, if u is pseudo-holomorphic, then Eu
d
da
(a ∗ u)|a=0 = 0. But
d
da
(a∗u)|a=0 is not an element of Lp1;σ, because dda(a∗u)|a=0, as τ → −∞,
is close to −T−( ∂∂α) which is not in Lp1;σ. On the other hand a map
Eu : 〈 dda(a ∗ u)|a=0〉 → Lp0;σ makes sense, hence we use the same notation
Eu : 〈 dda(a ∗ u)|a=0〉 ⊕ Lp1;σ(u∗TX, u∗TL0, u∗TL1) → Lp0;σ(u∗TX). (The
tangent space of MII(γ−, p+) at a smooth point u is Ker{Eu : 〈 dda(a ∗
u)|a=0〉 ⊕Lp1;σ(u∗TX, u∗TL0, u∗TL1)→ Lp0;σ(u∗TX).) IndEu denotes the
index of Eu : 〈 dda(a∗u)|a=0〉⊕Lp1;σ(u∗TX, u∗TL0, u∗TL1)→ Lp0;σ(u∗TX).
(Hence IndEu = IndEu;σ + 1.)
Similarly we can introduce weighted Sobolev spaces and indexes for
strips of the type (II′) and (III).
For strips of the type (IV) we can also define weighted Sobolev spaces
and indexes IndEu;σ for Eu;σ : L
p
1 → Lp. Note that, if u := (α, u) is
pseudo-holomorphic strip of the type (IV), then Eu
d
da
(a∗u)|a=0 = 0. But
d
da
(a∗u)|a=0 is not an element of Lp1;σ, because dda(a∗u)|a=0, as τ → −∞,
is close to T−(
∂
∂α
) and, as τ → ∞, is close to −T+( ∂∂α) which is not in
Lp1;σ. Also Eu
d
db
(b♯u)|b=0 = 0. But ddb(b♯u)|b=0 is also not an element of
Lp1;σ, because
d
db
(b♯u)|b=0, as τ → −∞, is close to −( ∂∂α) and, τ →∞, is
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also close to −( ∂
∂α
) which is not in Lp1;σ. On the other hand a map Eu :
〈 d
da
(a ∗ u)|a=0, ddb(b♯u)|b=0〉 → Lp0;σ makes sense, hence we use the same
notation Eu : 〈 dda(a ∗ u)|a=0, ddb(b♯u)|b=0〉 ⊕ Lp1;σ(u∗TX, u∗TL0, u∗TL1)→
Lp0;σ(u
∗TX). (The tangent space of MIV (γ−, γ+) at a smooth point u
is Ker{Eu : 〈 dda(a ∗ u)|a=0, ddb(b♯u)|b=0〉 ⊕ Lp1;σ(u∗TX, u∗TL0, u∗TL1) →
Lp0;σ(u
∗TX)}.) IndEu denotes the index ofEu : 〈 dda(a∗u)|a=0, ddb(b♯u)|b=0〉⊕
Lp1;σ(u
∗TX, u∗TL0, u
∗TL1)→ Lp0;σ(u∗TX). (Then IndEu = IndEu;σ+2.)
3 Floer’s chain complexes for Lagrangian
submanifolds in symplectic manifolds with
concave/convex ends
We will propose Floer’s chain complexes for Lagrangian submanifolds in
symplectic manifolds with concave/convex ends.
Let X be a symplectic manifold with finitely many concave or convex
ends. We shall assume that the contact manifolds are compact without
boundaries. Let L0 and L1 be Lagrangian submanifolds in X which
satisfy Assumption 1.1, 2.1 and 2.2.
Assumption 3.1 For pseudo-holomorphic strips u of the type (I) the
linear operators Eu : L
p
1(u
∗TX, u∗TL0, u
∗TL1) → Lp(u∗TX) are surjec-
tive, and for pseudo-holomorphic strips u of the type (II), (II′) and (III)
the linear operators Eu : 〈 dda(a ∗ u)|a=0〉 ⊕ Lp1;σ(u∗TX, u∗TL0, u∗TL1) →
Lp0;σ(u
∗TX) are also surjective, and pseudo-holomorphic strips u of the
type (IV), (V) and (V′) the linear operators Eu : 〈 dda(a∗u)|a=0, ddb(b♯u)|b=0〉⊕
Lp1;σ(u
∗TX, u∗TL0, u
∗TL1)→ Lp0;σ(u∗TX) are surjective.
(The surjectivity or transversality problem will be observed in a forth-
coming paper [2].) From the above assumption we can conclude that the
moduli spaces M∗(∗, ∗) are smooth manifolds whose dimension at u is
equal to IndEu, and Mˆ∗(∗, ∗) are also smooth manifolds whose dimen-
sion at u is equal to IndEu − 1 for the type (I), (II), (II′) and (III),
and IndEu − 2 for the type (IV), (V) and (V′). We denote a subset
of M∗(∗, ∗) or Mˆ∗(∗, ∗) consists of the pseudo-holomorphic strips whose
dimension is d by Md∗(∗, ∗) or Mˆd∗(∗, ∗), respectively.
For appropriate compactifications of moduli spaces we need Assump-
tion 1.2, 1.4 and the following.
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Assumption 3.2 There are no contractible closed characteristics and
contractible Reeb chords from a Legendrian submanifold to itself in the
contact manifolds of concave ands.
A closed characteristic in M is contractible iff it represents 0 in π1(M),
and similarly a Reeb chord from Λ to Λ is contractible iff it represents 0
of π1(M,Λ).
Moreover, for very technical reasons for the exponential decay condi-
tions, we need the following assumption.
Assumption 3.3 There is an open neighborhood U ⊂ [0, 1] × R2n of
[0, 1]× {0} and an open neighborhood V ⊂ M of a Reeb chord x(T t) of
length T and an immersion ϕ : U → V mapping [0, 1]× {0} onto x(T t)
such that ϕ∗λ = fλ0 with λ0 := dt +
∑n
i=1 xndyn and a positive smooth
function f : U → R satisfying f(t, 0, 0) = T and df(t, 0, 0) = 0 for all
t ∈ [0, 1].
From these assumptions we can conclude that.
Theorem 3.4 Mˆ0∗(∗, ∗) is compact, and Mˆ1∗(∗, ∗) can be compactified
whose boundaries are:
(a) ∂Mˆ1I(p−, p+) =
⋃
q∈L0∩L1
Mˆ0I(p−, q)× Mˆ0I(q, p+)
∪ ⋃
(γ−,γ+)
Mˆ0II′(p−, γ−)× Mˆ0IV (γ−, γ+)× Mˆ0II(γ+, p+),
(b) ∂Mˆ1II(γ−, p+) =
⋃
q∈L0∩L1
Mˆ0II(γ−, q)× Mˆ0I(q, p+)
∪ ⋃
(γ′
−
,γ′+)
Mˆ0III(γ−, γ′−)× Mˆ0IV (γ′−, γ′+)× Mˆ0II(γ′+, p+)
∪⋃
γ
Mˆ0V (γ−, γ)× Mˆ0II(γ, p+),
(b′) ∂Mˆ1II′(p−, γ+) =
⋃
q∈L0∩L1
Mˆ0I(p−, q)× Mˆ0II′(q, γ+)
∪ ⋃
(γ′
−
,γ′+)
Mˆ0II′(p−, γ′−)× Mˆ0IV (γ′−, γ′+)× Mˆ0III(γ′+, γ+)
∪⋃
γ
Mˆ0II′(p−, γ)× Mˆ0V ′(γ, γ+),
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(c) ∂Mˆ1III(γ−, γ+) =
⋃
q∈L0∩L1
Mˆ0II(γ−, q)× Mˆ0II′(q, γ+)
∪ ⋃
(γ′
−
,γ′+)
Mˆ0III(γ−, γ′−)× Mˆ0IV (γ′−, γ′+)× Mˆ0III(γ′+, γ+)
∪⋃
γ
Mˆ0V (γ−, γ)× Mˆ0III(γ, γ+) ∪
⋃
γ
Mˆ0III(γ−, γ)× Mˆ0V ′(γ, γ+),
where we used the notation ∂Mˆ1∗(∗, ∗) to denote the boundary of the
compactification of Mˆ1∗(∗, ∗).
Note that, from the maximum principle, families of pseudo-holomorphic
curves can not grow toward +∞ of convex ends, see Section 5.
Let C be the free Z2-vector space over L0∩L1 and ⋃(γ−,γ+) Mˆ0IV (γ−, γ+).
We define a linear map ∂ : C → C in terms of the canonical bases: for
p− ∈ L0 ∩ L1
∂p− :=
∑
p+∈L0∩L1
♯Mˆ0I(p−, p+)p+ +
∑
(γ
−
,γ+),
u∈Mˆ0
IV
(γ−,γ+)
♯Mˆ0II′(p−, γ−)u,
where ♯Mˆ0I(p−, p+) is the modulo 2 number of the elements of Mˆ0I(p−, p+)
and similarly where ♯Mˆ0II′(p−, γ−) is the modulo 2 number of the el-
ements of Mˆ0II′(p−, γ−) and the second sum ranges over all pairs of
Reeb chords (γ−, γ+) with respect to the concave ends. and for u ∈
Mˆ0IV (γ−, γ+)
∂u :=
∑
p+∈L0∩L1
♯Mˆ0II(γ+, p+)p+ +
∑
(γ′
−
,γ′
+
),
v∈Mˆ0IV (γ
′
−
,γ′+)
♯Mˆ0III(γ+, γ′−)v,
where ♯Mˆ0II(γ+, p+) is the modulo 2 number of the elements of Mˆ0II(γ+, p+)
and similarly where ♯Mˆ0III(γ+, γ′−) is the modulo 2 number of the ele-
ments of Mˆ0III(γ+, γ′−) and the second sum ranges over all pairs of Reeb
chords (γ′−, γ
′
+) with respect to the concave ends.
Assumption 3.5 There are no non-trivial pseudo-holomorphic strips of
the type (V) and (V′).
(It seems that the existence of non-trivial pseudo-holomorphic strips of
the type (V) and (V′) is an obstruction to ∂2 = 0.) Then, we can prove
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Theorem 3.6 ∂ ◦ ∂ = 0.
Proof. For p ∈ L0 ∩ L1
∂∂p = ∂
∑
q∈L0∩L1
♯Mˆ0I(p, q)q + ∂
∑
(γ
−
,γ+),
u∈Mˆ0IV (γ−,γ+)
♯Mˆ0II′(p, γ−)u
=
∑
q∈L0∩L1
♯Mˆ0I(p, q)


∑
r∈L0∩L1
♯Mˆ0I(q, r)r +
∑
(γ′
−
,γ′
+
),
v∈Mˆ0IV (γ
′
−
,γ′+)
♯Mˆ0II′(q, γ′−)v


+
∑
(γ
−
,γ+),
u∈Mˆ0
IV
(γ−,γ+)
♯Mˆ0II′(p, γ−)


∑
r∈L0∩L1
♯Mˆ0II(γ+, r)r +
∑
(γ′
−
,γ′
+
),
v∈Mˆ0
IV
(γ′
−
,γ′+)
♯Mˆ0III(γ+, γ′−)v


=
∑
r∈L0∩L1


∑
q∈L0∩L1
♯Mˆ0I(p, q)♯Mˆ0I(q, r) +
∑
(γ
−
,γ+),
u∈Mˆ0
IV
(γ−,γ+)
♯Mˆ0II′(p, γ−)♯Mˆ0II(γ+, r)

 r
+
∑
(γ′
−
,γ′
+
),
v∈Mˆ0IV (γ
′
−
,γ′+)


∑
q∈L0∩L1
♯Mˆ0I(p, q)♯Mˆ0II′(q, γ′−) +
∑
(γ
−
,γ+),
u∈Mˆ0IV (γ−,γ+)
♯Mˆ0II′(p, γ−)♯Mˆ0III(γ+, γ′−)

 v.
The number
∑
q∈L0∩L1
♯Mˆ0I(p, q)♯Mˆ0I(q, r) +
∑
(γ
−
,γ+),
u∈Mˆ0IV (γ−,γ+)
♯Mˆ0II′(p, γ−)♯Mˆ0II(γ+, r)
is nothing but the one of the boundary components of the compactifica-
tion of Mˆ1I(p, r), and similarly the number
∑
q∈L0∩L1
♯Mˆ0I(p, q)♯Mˆ0II′(q, γ′−) +
∑
(γ
−
,γ+),
u∈Mˆ0IV (γ−,γ+)
♯Mˆ0II′(p, γ−)♯Mˆ0III(γ+, γ′−)
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is the one of the boundary components of the compactification of Mˆ1II′(p, γ′−),
and hence ∂∂p = 0. For u ∈ Mˆ0IV (γ−, γ+)
∂∂u = ∂
∑
p∈L0∩L1
♯Mˆ0II(γ+, p)p+ ∂
∑
(γ′
−
,γ′
+
),
v∈Mˆ0IV (γ
′
−
,γ′+)
♯Mˆ0III(γ+, γ′−)v
=
∑
p∈L0∩L1
♯Mˆ0II(γ+, p)


∑
q∈L0∩L1
♯Mˆ0I(p, q)q +
∑
(γ′′
−
,γ′′
+
),
w∈Mˆ0IV (γ
′′
−
,γ′′+)
♯Mˆ0II′(p, γ′′−)w


+
∑
(γ′
−
,γ′
+
),
v∈Mˆ0IV (γ
′
−
,γ′+)
♯Mˆ0III(γ+, γ′−)


∑
q∈L0∩L1
♯Mˆ0II(γ′+, q)q +
∑
(γ′′
−
,γ′′
+
),
w∈Mˆ0IV (γ
′′
−
,γ′′+)
♯Mˆ0III(γ′+, γ′′−)w


=
∑
q∈L0∩L1


∑
p∈L0∩L1
♯Mˆ0II(γ+, p)♯Mˆ0I(p, q) +
∑
(γ′
−
,γ′
+
),
v∈Mˆ0IV (γ
′
−
,γ′+)
♯Mˆ0III(γ+, γ′−)♯Mˆ0II(γ′+, q)

 q
+
∑
(γ′′
−
,γ′′
+
),
w∈Mˆ0
IV
(γ′′
−
,γ′′+)


∑
p∈L0∩L1
♯Mˆ0II(γ+, p)♯Mˆ0II′(p, γ′′−) +
∑
(γ′
−
,γ′
+
),
v∈Mˆ0
IV
(γ′
−
,γ′+)
♯Mˆ0III(γ+, γ′−)♯Mˆ0III(γ′+, γ′′−)

w.
The number
∑
p∈L0∩L1
♯Mˆ0II(γ+, p)♯Mˆ0I(p, q) +
∑
(γ′
−
,γ′
+
),
v∈Mˆ0IV (γ
′
−
,γ′+)
♯Mˆ0III(γ+, γ′−)♯Mˆ0II(γ′+, q)
is nothing but the one of the boundary components of the compactifica-
tion of Mˆ1II(γ+, q), and similarly the number∑
p∈L0∩L1
♯Mˆ0II(γ+, p)♯Mˆ0II′(p, γ′′−)+
∑
(γ′
−
,γ′
+
),
v∈Mˆ0
IV
(γ′
−
,γ′+)
♯Mˆ0III(γ+, γ′−)♯Mˆ0III(γ′+, γ′′−)
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is the one of the boundary components of the compactification of Mˆ1III(γ+, γ′′−),
and hence ∂∂u = 0.
We obtain the chain complex (C, ∂) for L0 and L1 in X . If complex
structures on contact structures vary, then the set
⋃
(γ−,γ+) Mˆ0IV (γ−, γ+)
may change. This implies that the generators of the type
⋃
(γ−,γ+) Mˆ0IV (γ−, γ+)
may appear and disappear, hence, at the time of this writing, the author
does not know whether the homology is invariant under the variation of
complex structures on contact structures. Concerning Assumption 3.2
and 3.5, he hopes that there are some relations between symplectic field
theory [3] and our chain complexes.
Similarly we can construct Floer’s chain complexes for periodic orbits
of Hamiltonian flows on symplectic manifolds with concave ends, which
will appear in a forthcoming paper.
4 Gluing arguments for pseudo-holomorphic
strips
For our purpose we need the following gluing arguments. (We will define
the notation soon later.)
Theorem 4.1 For the compactification of the type (a) as in Theorem
3.4 we need the following (i) and (ii):
(i) Let Kˆ ⊂ Mˆ0I(p−, q) and Kˆ ′ ⊂ Mˆ0I(q, p+) be compact sets. Then
there exist constants ρ0 and a smooth map
♯ˆ : Kˆ × Kˆ ′ × [ρ0,∞)→ Mˆ1I(p−, p+).
Moreover, for u and v in the interior of Kˆ and Kˆ ′, there exist ε > 0 and
ρ so that Mˆ1I(p−, p+) ∩ Uˆ(ε,ρ)(u, v) is contained in the image of ♯ˆ.
(ii) Let Kˆ ⊂ Mˆ0II′(p−, γ−), Kˆ ′ ⊂ Mˆ0IV (γ−, γ+) and Kˆ ′′ ⊂ Mˆ0II(γ+, p+)
be compact subsets. Then there exist constants ρ0 and a smooth map
♯ˆ : Kˆ × Kˆ ′ × Kˆ ′′ × [ρ0,∞)→ Mˆ1I(p−, p+).
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Moreover, for u, w and v in the interior of Kˆ, Kˆ ′ and Kˆ ′′, there exist
ε > 0 and ρ so that Mˆ1I(p−, p+)∩ Uˆ(ε,ρ)(u, w, v) is contained in the image
of ♯ˆ.
For the type (b) we need the following (iii), (iv) and (v):
(iii) Let Kˆ ⊂ Mˆ0II(γ−, q) and Kˆ ′ ⊂ Mˆ0I(q, p+) be compact sets. Then
there exist constants ρ0 and a smooth map
♯ˆ : Kˆ × Kˆ ′ × [ρ0,∞)→ Mˆ1II(γ−, p+).
Moreover, for u and v in the interior of Kˆ and Kˆ ′, there exist ε > 0 and
ρ so that Mˆ1II(γ−, p+) ∩ Uˆ(ε,ρ)(u, v) is contained in the image of ♯ˆ.
(iv) Let Kˆ ⊂ Mˆ0III(γ−, γ′−), Kˆ ′ ⊂ Mˆ0IV (γ′−, γ′+) and Kˆ ′′ ⊂ Mˆ0II(γ′+, p+)
be compact subsets. Then there exist constants ρ0 and a smooth map
♯ˆ : Kˆ × Kˆ ′ × Kˆ ′′ × [ρ0,∞)→ Mˆ1II(γ−, p+).
Moreover, for u, w and v in the interior of Kˆ, Kˆ ′ and Kˆ ′′, there exist
ε > 0 and ρ so that Mˆ1II(γ−, p+)∩Uˆ(ε,ρ)(u, w, v) is contained in the image
of ♯ˆ.
(v) Let Kˆ ⊂ Mˆ0V (γ−, γ) and Kˆ ′ ⊂ Mˆ0II(γ, p+) be compact sets. Then
there exist constants ρ0 and a smooth map
♯ˆ : Kˆ × Kˆ ′ × [ρ0,∞)→ Mˆ1II(γ−, p+).
Moreover, for u and v in the interior of Kˆ and Kˆ ′, there exists ε > 0
and ρ so that Mˆ1II(γ−, p+) ∩ Uˆ(ε,ρ)(u, v) is contained in the image of ♯ˆ.
For the type (b′) we need the following (iii′), (iv′) and (v′):
(iii′) Let Kˆ ⊂ Mˆ0I(p−, q) and Kˆ ′ ⊂ Mˆ0II′(q, γ+) be compact sets. Then
there exist constants ρ0 and a smooth map
♯ˆ : Kˆ × Kˆ ′ × [ρ0,∞)→ Mˆ1II′(p−, γ+).
Moreover, for u and v in the interior of Kˆ and Kˆ ′, there exists ε > 0
and ρ so that Mˆ1II′(p−, γ+) ∩ Uˆ(ε,ρ)(u, v) is contained in the image of ♯ˆ.
24 Manabu AKAHO
(iv′) Let Kˆ ⊂ Mˆ0II′(p−, γ′−), Kˆ ′ ⊂ Mˆ0IV (γ′−, γ′+) and Kˆ ′′ ⊂ Mˆ0III(γ′+, γ+)
be compact subsets. Then there exist constants ρ0 and a smooth map
♯ˆ : Kˆ × Kˆ ′ × Kˆ ′′ × [ρ0,∞)→ Mˆ1II′(p−, γ+).
Moreover, for u, w and v in the interior of Kˆ, Kˆ ′ and Kˆ ′′, there exist
ε > 0 and ρ so that Mˆ1II′(p−, γ+) ∩ Uˆ(ε,ρ)(u, w, v) is contained in the im-
age of ♯ˆ.
(v′) Let Kˆ ⊂ Mˆ0II′(p−, γ) and Kˆ ′ ⊂ Mˆ0V ′(γ, γ+) be compact sets. Then
there exist constants ρ0 and a smooth map
♯ˆ : Kˆ × Kˆ ′ × [ρ0,∞)→ Mˆ1II′(p−, γ+).
Moreover, for u and v in the interior of Kˆ and Kˆ ′, there exists ε > 0
and ρ so that Mˆ1II′(p−, γ+) ∩ Uˆ(ε,ρ)(u, v) is contained in the image of ♯ˆ.
For the type (c) we need the following (vi), (vii) and (vii′):
(vi) Let Kˆ ⊂ Mˆ0II(γ−, q) and Kˆ ′ ⊂ Mˆ0II′(q, γ+) be compact sets. Then
there exist constants ρ0 and a smooth map
♯ : Kˆ × Kˆ ′ × [ρ0,∞)→ Mˆ1III(γ−, γ+).
Moreover, for u and v in the interior of Kˆ and Kˆ ′, there exists ε > 0
and ρ so that Mˆ1III(γ−, γ+) ∩ Uˆ(ε,ρ)(u, v) is contained in the image of ♯ˆ.
(vii) Let Kˆ ⊂ Mˆ0III(γ−, γ′−), Kˆ ′ ⊂ Mˆ0IV (γ′−, γ′+) and Kˆ ′′ ⊂ Mˆ0III(γ′+, γ+)
be compact subsets. Then there exist constants ρ0 and a smooth map
♯ˆ : Kˆ × Kˆ ′ × Kˆ ′′ × [ρ0,∞)→ Mˆ1III(γ−, γ+).
Moreover, for u, w and v in the interior of Kˆ, Kˆ ′ and Kˆ ′′, there exist
ε > 0 and ρ so that Mˆ1III(γ−, γ+) ∩ Uˆ(ε,ρ)(u, w, v) is contained in the
image of ♯ˆ.
(viii) Let Kˆ ⊂ Mˆ0V (γ−, γ) and Kˆ ′ ⊂ Mˆ0III(γ, γ+) be compact sets. Then
there exist constants ρ0 and a smooth map
♯ : Kˆ × Kˆ ′ × [ρ0,∞)→ Mˆ1III(γ−, γ+).
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Moreover, for u and v in the interior of Kˆ and Kˆ ′, there exists ε > 0
and ρ so that Mˆ1III(γ−, γ+) ∩ Uˆ(ε,ρ)(u, v) is contained in the image of ♯ˆ.
(viii′) Let Kˆ ⊂ Mˆ0III(γ−, γ) and Kˆ ′ ⊂ Mˆ0V ′(γ, γ+) be compact sets.
Then there exist constants ρ0 and a smooth map
♯ˆ : Kˆ × Kˆ ′ × [ρ0,∞)→ Mˆ1III(γ−, γ+).
Moreover, for u and v in the interior of Kˆ and Kˆ ′, there exists ε > 0
and ρ so that Mˆ1III(γ−, γ+) ∩ Uˆ(ε,ρ)(u, v) is contained in the image of ♯ˆ.
In the following we denote by β : R→ [0, 1] a smooth function
β(τ) :=
{
0, τ ≤ 0,
1, 1 ≤ τ,
and by ‖f‖[r1,r2];Lp1 the restriction of the L
p
1 norm on [r1, r2] × [0, 1], i.e.,
‖f‖[r1,r2];Lp1 := {
∫
[r1,r2]×[0,1]
|f |p + |Df |pdτdt}1/p, and also ‖f‖[r1,r2];Lp.
First we recall the proof of the gluing argument (i). (This part is
so standard, the reader may skip to the next content.) For compact
sets K ⊂ M1I(p−, q) and K ′ ⊂ M1I(q, p+), we define wχ(τ, t) ∈ Lp1(R ×
[0, 1];X,L0, L1) for χ := (u, v, ρ) ∈ K ×K ′ × [ρ0,∞) by
wχ(τ, t) :=


u(τ + ρ, t), τ ≤ −1,
expq (β(−τ)η(τ + ρ, t) + β(τ)ζ(τ − ρ, t)) , −1 ≤ τ ≤ 1,
v(τ − ρ, t), 1 ≤ τ,
where u = expq η for ρ − 1 ≤ τ and v = expq ζ for τ ≤ −ρ + 1. From
∂Ju = ∂Jv = 0 we conclude that
‖∂Jtwχ‖Lp ≤ C
(
e−d+ρ‖ed+τη‖[ρ−1,ρ];Lp1 + e−d−ρ‖e−d−τζ‖[−ρ,1−ρ];Lp1
)
, (5)
where C is a constant depending only on K, K ′ and ρ0. We denote the
Taylor expansion of fwχby
fwχ(ξ) := fwχ(0) +Dfwχ(0)ξ +Nwχ(ξ).
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Lemma 4.2 For ‖η‖Lp1 ≤ c and ‖ζ‖Lp1 ≤ c, the nonlinear part Nwχ
satisfies the estimate
‖Nwχ(η)−Nwχ(ζ)‖Lp ≤ C(‖η‖Lp1 + ‖ζ‖Lp1)‖η − ζ‖Lp1 , (6)
where C is a constant depending only on ‖∇wχ‖Lp and c.
Proof. Basically it is done by the Taylor expansion. (In the following we
shall use f to denote fwχ.)
Nwχ(η)−Nwχ(ζ)
=
∫ 1
0
(1− t){(d2f)tη(η, η)− (d2f)tζ(ζ, ζ)}dt
=
∫ 1
0
(1− t){(d2f)tη(η, η − ζ) + (d2f)tη(η, ζ)− (d2f)tζ(η, ζ) + (d2f)tζ(η − ζ, ζ)}dt
=
∫ 1
0
(1− t)
{
(d2f)tη(η, η − ζ) +
∫ 1
0
(d3f)(1−s)tη+stζ(tη − tζ, η, ζ)ds+ (d2f)tζ(η − ζ, ζ)
}
dt.
Then we can conclude
‖Nwχ(η)−Nwχ(ζ)‖Lp ≤ C(‖η‖Lp1 + ‖η‖Lp1‖ζ‖Lp1 + ‖ζ‖Lp1)‖η − ζ‖Lp1 ,
where the constant C depends only on ‖∇wχ‖Lp and c. The reason of
the independence of C from ‖wχ‖L∞ is the compactness of the contact
manifolds of the cylinders and boundedness of metrics and connections
and so on.
Let χi := (ui, vi, ρi), i = 1, 2, . . ., be a sequence of K ×K ′ × [ρ0,∞)
such that ρi → ∞. We assume that wχi((−ρi, ρi), [0, 1]) is contained
in the Gaussian coordinate of q. For ξi ∈ Lp1(w∗χiTX,w∗χiTL0, w∗χiTL1),
define ξ0i ∈ Lp1([−ρi+√ρi−1, ρi−√ρi+1]× [0, 1];TqX, TqL0, TqL1) such
that
D expq(ξ0i(τ, t)) = ξi(τ, t).
Note that, if we put βi(τ) := β(−τ+ρi−√ρi+1)β(τ+ρi−√ρi+1), then
βiξ0i is an element of L
p
1(TqX, TqL0, TqL1). Similarly define differential
operators E0i on [−ρi +√ρi − 1, ρi −√ρi + 1]× [0, 1] by
D expq(E0iξ0i) = Eiξi,
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where Ei denotes the differential Dfwχi (0). Note that the sequence of
{E0i}i=1,2,... converges to the standard Cauchy-Riemann operator ∂0 on
[R1, R2]× [0, 1]. (The convergence means that, if we denote E0i = ai ∂∂τ +
bi
∂
∂t
+ ci, then ai → 1, bi → J0 and ci → 0 in the C∞ topology.)
Proposition 4.3 If ‖ξi‖Lp1 = 1 and ‖Eiξi‖Lp → 0, then there exists a
subsequence {ξil} such that
‖ξil‖[R1,R2];Lp1 → 0.
Proof. From the assumption ‖ξi‖Lp1 = 1, there is a constant C such
that ‖βiξ0i‖Lp1 ≤ C. By the Rellich’s theorem, there exists ξ(R1,R2) ∈
Lp([R1, R2]×[0, 1];TqX, TqL0, TqL1) and a subsequence {βilξ0il} such that
‖ξ(R1,R2) − βilξ0il‖[R1,R2];Lp → 0.
For simplicity, we use ξ0i to denote βiξ0i and assume {βiξ0i} satisfies
‖βiξ0i−ξ(R1,R2)‖[R1,R2];Lp → 0 and ξ(R′1,R′2)|[R1,R2]×[0,1] = ξ(R1,R2) for [R1, R2] ⊂
[R′1, R
′
2]. By the Ga¨rding’s inequality
‖ξ0i−ξ0j‖[R1,R2];Lp1 ≤ C(‖E0i(ξ0i−ξ0j)‖[R1+δ,R2+δ];Lp+‖ξ0i−ξ0j‖[R1+δ,R2+δ];Lp),
where C is a constant depending on R1, R2 and δ. We already know
‖ξ0i − ξ0j‖[R1+δ,R2+δ];Lp → 0, and from
‖E0i(ξ0i − ξ0j)‖[R1+δ,R2+δ];Lp
≤ ‖E0iξ0i‖[R1+δ,R2+δ];Lp + ‖(E0i − E0j)ξ0j‖[R1+δ,R2+δ];Lp + ‖E0jξ0j‖[R1+δ,R2+δ];Lp
≤ ‖E0iξ0i‖[R1+δ,R2+δ];Lp + ‖E0i −E0j‖[R1+δ,R2+δ];Lp‖ξ0j‖[R1+δ,R2+δ];Lp1 + ‖E0jξ0j‖[R1+δ,R2+δ];Lp
→ 0,
we can conclude ‖E0i(ξ0i− ξ0j)‖[R1+δ,R2+δ];Lp → 0. Then {ξ0i} has a sub-
sequence which converges to ξ(R1,R2) in the norm ‖ · ‖[R1,R2];Lp1 . Moreover,
from ‖βiξ0i‖Lp1 ≤ C, we can conclude ‖ξ∞‖Lp1 ≤ C, where ξ∞|[R1,R2]×[0,1] :=
ξ(R1,R2). On the other hand, from
‖∂0ξ∞‖[R1,R2];Lp
≤ ‖E0iξ0i‖[R1,R2];Lp + ‖(E0i − ∂0)ξ0i‖[R1,R2];Lp + ‖∂0(ξ0i − ξ∞)‖[R1,R2];Lp
≤ ‖E0iξ0i‖[R1,R2];Lp + ‖E0i − ∂0‖[R1,R2];Lp‖ξ0i‖[R1,R2];Lp1 + C‖ξ0i − ξ∞‖[R1,R2];Lp1
→ 0,
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∂ξ∞ = 0 and hence ξ∞ = 0. Finally, from ‖ξi‖[R1,R2];Lp1 ≤ C‖ξ0i‖[R1,R2];Lp1 ,
there exists a subsequence {ξil} such that ‖ξil‖[R1,R2];Lp1 → 0.
For η ∈ KerEu and ζ ∈ KerEv, we define η♯ρζ ∈ Lp1(w∗χTX,w∗χTL0, w∗χTL1)
by
(η♯ρζ)(τ, t) :=


β(−τ − 2)η(τ + ρi), τ ≤ 2,
0, −2 ≤ τ ≤ 2,
β(τ − 2)ζ(τ − ρi), 2 ≤ τ.
LetW⊥wχ be the L
2-orthogonal compliment ofWwχ := {η♯ρζ |η ∈ KerEu, ζ ∈
KerEv} in Lp1(w∗χTX,w∗χTL0, w∗χTL1). (Note that the dimension of Wwχ
is equal to dimKerEu + dimKerEv.)
Proposition 4.4 There exist constants ρ0 and C such that for χ ∈ K×
K ′ × [ρ0,∞) and ξ ∈ W⊥wχ
‖ξ‖Lp1 ≤ C‖Ewχξ‖Lp.
Proof. Let χi := (ui, vi, ρi), i = 1, 2, . . ., be a sequence such that ρi →∞
and there exist ξi ∈ W⊥wχi satisfying ‖ξi‖Lp1 = 1 and ‖Ewχi ξi‖Lp → 0.
Then we can conclude from Proposition 4.3 there exists a subsequence
{ξil} such that ‖ξil‖[−3,3];Lp1 → 0. For simplicity we denote this subse-
quence by {ξi} and define
ηi(τ, t) := β(−τ + ρi − 1)ξi(τ − ρi, t) ∈ Lp1(u∗iTX, u∗iTL0, u∗iTL1),
ζi(τ, t) := β(τ + ρi − 1)ξi(τ + ρi, t) ∈ Lp1(v∗iTX, v∗iTL0, v∗iTL1).
Split ηi into ki + ni, where ki ∈ KerEui and ni ∈ (KerEui)⊥, then
‖ηi‖Lp1 ≤ ‖ki‖Lp1 + ‖ni‖Lp1
≤ ‖ki‖Lp1 + Cui‖Euini‖Lp
≤ ‖ki‖Lp1 + Cui‖Euiηi‖Lp
= ‖ki‖Lp1 + Cui‖Ewχi (β(−τ + ρi − 1)ξi(τ − ρi, t)) ‖Lp
≤ ‖ki‖Lp1 + C ′ui‖ξi‖[−2,−1];Lp1 + C ′′ui‖Ewχi ξi‖Lp
(Note that, from the compactness of K, C ′ui and C
′′
ui
are bounded.) We
already know ‖ξi‖[−2,−1];Lp1 → 0 and ‖Ewχiξi‖Lp → 0. Let {ei1, . . . , eir} be
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orthogonal bases of KerEui .
|〈ki, eij〉| = |〈ηi, eij〉|
= |〈ηi, (1− β(−τ − ρi + 2))eij〉|[ρi−2,ρi−1]×[0,1]|
≤ ‖ηi‖[ρi−2,ρi−1];Lp‖eij‖[ρi−2,ρ−1];Lp/(p−1)
≤ C‖ξi‖[−2,−1];Lp‖eij‖[ρi−2,ρi−1];Lp/(p−1).
Hence, from ‖ki‖Lp1 ≤
∑
j |〈ki, eij〉|‖eij‖Lp1 , we conclude ‖ki‖Lp1 → 0. (Note
that the compactness of K induces the boundedness of norms of eij .)
Then we obtain ‖ηi‖Lp1 → 0. Similarly we can prove also ‖ζi‖Lp1 → 0.
Put together them with
‖ξi‖Lp1 ≤ ‖ηi‖Lp1 + ‖ξi‖[−3,3];Lp1 + ‖ζi‖Lp1 ,
we obtain ‖ξi‖Lp1 → 0 which is a contradiction to the assumption ‖ξi‖Lp1 =
1. We finish proving the proposition.
Proposition 4.5 There exist constants ρ0 and C such that for χ ∈
K × K ′ × [ρ0,∞) there exists a map Gwχ : Lp(w∗χTX) → W⊥wχ ⊂
Lp1(w
∗
χTX,w
∗
χTL0, w
∗
χTL1) such that
EwχGwχ = id,
‖Gwχξ‖Lp1 ≤ C‖ξ‖Lp. (7)
Proof. From Proposition 4.4, if ξ ∈ KerEwχ ∩W⊥wχ , then ξ = 0 and
dimKerEwχ ≤ dimKerEu + dimKerEv.
On the other hand, from Assumption 3.1,
dimKerEwχ ≥ IndEwχ
= IndEu + IndEv
= dimKerEu + dimKerEv.
Hence we obtain
KerEwχ ⊕W⊥wχ = Lp1(w∗χTX,w∗χTL0, w∗χTL1),
30 Manabu AKAHO
and Ewχ is surjective. From the estimate of Proposition 4.4 we can ob-
tain Gwχ as in the proposition.
So far we obtain the following: Let K ⊂ M1I(p−, q) and K ′ ⊂
M1I(q, p+) be compact sets. Then there are constants ρ0 such that, for
χ := (u, v, ρ) ∈ K×K ′×[ρ0,∞), a map fwχ : Lp1(w∗χTX,w∗χTL0, w∗χTL1)→
Lp(w∗χTX) satisfies (5) and (6) and Dfwχ(0) possesses a right inverse
Gwχ : L
p(w∗χTX) → Lp1(w∗χTX,w∗χTL0, w∗χTL1) satisfying (7). Then,
from the Newton’s method in Appendix A, we can conclude that there
are constants ρ0 and C and a smooth map
♯ : K ×K ′ × [ρ0,∞)→M2I(p−, p+), χ 7→ expwχ(ξχ)
with ‖ξχ‖Lp1 ≤ C‖∂Jtwχ‖Lp. Divide them by the R actions, and we ob-
tain a gluing map ♯ˆ : Kˆ × Kˆ ′ × [ρ0,∞)→ Mˆ1I(p−, p+).
The next step is to show the surjectivity of ♯ : K ×K ′ × [ρ0,∞) →
M2I(p−, p+)∩U(ε,ρ)(u, v). Let w be a map which satisfies the Lagrangian
boundary conditions and (I) and the decay conditions (1) and (1′), and
w(τ, t) = expq η(τ, t) for −1 ≤ τ ≤ 1, where q ∈ L0 ∩L1. Then we define
xρ(τ, t) :=
{
w(τ − ρ, t), τ ≤ ρ− 1,
expq β(−τ + ρ)η(τ − ρ, t), ρ− 1 ≤ τ,
yρ(τ, t) :=
{
expq β(τ + ρ)η(τ + ρ, t), τ ≤ −ρ+ 1,
w(τ + ρ, t), −ρ+ 1 ≤ τ.
Moreover we define U(ε,ρ0)(u, v), for (u, v) ∈ K × K ′, to be the set of
w such that, for ρ > ρ0, ‖u − xρ‖Lp1 < ε and ‖v − yρ‖Lp1 < ε. (For
simplicity, we shall use a letter x to denote xρ, and also y := yρ.) If w ∈
M2I(p−, p+) ∩U(ε,ρ0)(u, v), then for a smooth map fx there are constants
C and C ′ such that
‖fx(0)‖Lp ≤ C‖η‖[−1,0];Lp1, (8)
‖Nx(ξ)−Nx(ξ′)‖Lp ≤ C ′(‖ξ‖Lp1 + ‖ξ′‖Lp1)‖ξ − ξ′‖Lp1 , (9)
where ‖ξ‖Lp1 ≤ c and ‖ξ′‖Lp1 ≤ c and C ′ depends on c, and also for fy.
(The proofs of the above estimates are similar to those of (5) and (6).)
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For ξ ∈ KerEw, we define ξˆ := (ξx, ξy) ∈ Lp1(x∗TX, x∗TL0, x∗TL1) ⊕
Lp1(y
∗TX, y∗TL0, y
∗TL1) by
ξx := β(−τ + ρ+ 1)ξ(τ − ρ, t),
ξy := β(τ + ρ+ 1)ξ(τ + ρ, t).
Let W⊥(w,ρ) the L
2-orthogonal compliment of W(w,ρ) := {ξˆ|ξ ∈ KerEw} in
Lp1(x
∗TX, x∗TL0, x
∗TL1)⊕ Lp1(y∗TX, y∗TL0, y∗TL1).
Proposition 4.6 There are constants ε0 > 0 and ρ0 and C such that
for w ∈M2I(p−, p+) ∩ U(ε0,ρ0)(u, v) and ξ := (ξx, ξy) ∈ W⊥(w,ρ)
‖ξ‖Lp1 ≤ C‖(Exξx, Eyξy)‖Lp .
Proof. Let {εi}i=1,2,... and {ρi}i=1,2,... and wi ∈M2I(p−, p+)∩U(εi,ρi)(u, v)
be sequences such that εi → 0 and ρi →∞ and there exist ξi = (ξxi, ξyi) ∈
W⊥(wi,ρi) satisfying ‖ξi‖Lp1 = 1 and ‖(Exiξxi, Eyiξyi)‖Lp → 0. Then, in a
similar way to the proof of Proposition 4.4, we can prove that there
exists a subsequence {ξil} such that ‖ξil‖Lp1 → 0, which contradicts the
assumption ‖ξi‖Lp1 = 1.
Proposition 4.7 There exist constants ε0 > 0 and ρ0 and C such that
for w ∈M2I(p−, p+)∩U(ε0,ρ0)(u, v) there exists a map G(w,ρ) : Lp(x∗TX)⊕
Lp(y∗TX)→W⊥(w,ρ) such that
(Ex ⊕Ey)G(w,ρ) = id,
‖G(w,ρ)ξ‖Lp1 ≤ C‖ξ‖Lp. (10)
Proof. From Proposition 4.6, if ξ ∈ Ker(Ex ⊕ Ey) ∩W⊥(w,ρ), then ξ = 0
and
dimKer(Ex ⊕ Ey) ≤ dimW(w,ρ).
On the other hand, from Assumption 3.1,
dimKer(Ex ⊕ Ey) ≥ IndEx + IndEy
= dimW(w,ρ).
Hence we obtain
Ker(Ex⊕Ey)⊕W⊥(w,ρ) = Lp1(x∗TX, x∗TL0, x∗TL1)⊕Lp1(y∗TX, y∗TL0, y∗TL1),
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and Ex ⊕ Ey is surjective. From the estimate of Proposition 4.6 we can
obtain G(w,ρ) as in the proposition.
So far we obtain the following: There are constants ε0 > 0 and ρ0
such that, for w ∈ M2I(p−, p+) ∩ U(ε0,ρ0)(u, v), a map f(x,y) := (fx, fy) :
Lp1(x
∗TX, x∗TL0, x
∗TL1)⊕Lp1(y∗TX, y∗TL0, y∗TL1)→ Lp(x∗TX)⊕Lp(y∗TX)
satisfies (8) and (9), and Df(x,y)(0) possesses a right inverse G(w,ρ) :
Lp(x∗TX)⊕Lp(y∗TX)→ Lp1(x∗TX, x∗TL0, x∗TL1)⊕Lp1(y∗TX, y∗TL0, y∗TL1)
satisfying (10). Then, from the Newton’s method in Appendix A, we can
conclude that there are constants ε > 0 and ρ and C and a smooth map
♯′ :M2I(p−, p+) ∩ U(ε,ρ)(u, v)→ K ×K ′, w 7→ (expx(ξw;x), expy(ξw;y))
with ‖ξw;x‖Lp1 ≤ C‖∂Jtx‖Lp and ‖ξw;y‖Lp1 ≤ C‖∂Jty‖Lp. Divide them by
the R actions, and we obtain a map ♯ˆ′ : Mˆ1I(p−, p+) ∩ Uˆ(ε,ρ)(u, v) →
Kˆ × Kˆ ′.
From the construction of ♯ and ♯′, if ρ0 is large and ε is small enough,
then ♯ ◦ ♯′ and ♯′ ◦ ♯ are diffeomorphisms. We finish proving the gluing
argument (i).
Next we will prove the gluing argument (ii). Take a lift of Mˆ0II′(p−, γ−)×
Mˆ0IV (γ−, γ+)×Mˆ0II(γ+, p+) inM1II′(p−, γ−)×M2IV (γ−, γ+)×M1II(γ+, p+)
and consider the orbit of the lift by the following R2-action: for (a, 0) ∈
R2
(a, 0) · (u, w, v) := (u, a ∗ w, u) ,
and for (0, b) ∈ R2
(0, b) · (u, w, v) := (u, b♯w, u) .
Note that the orbit is diffeomorphic to Mˆ0II′(p−, γ−) × Mˆ0IV (γ−, γ+) ×
Mˆ0II(γ+, p+)×R2. We choose a compact set S in the orbit, and we will
construct a gluing map ♯ : S × [ρ0,∞) → M2I(p−, p+). We consider a
concave end which is isomorphic to (−∞, R]×M . Fix (u, w, v) ∈ S. For
simplicity, for u we assume c+ = 0 and τ+ = τ0, where c+ and τ0 are
constants as in the decay condition (2′), and we denote (α, θ+, z+) as in
(2′) by (αu, θ
u
+, z
u
+). Also for v we assume c− = 0 and τ− = τ0, as in
(2), and we denote (α, θ−, z−) as in (2) by (αv, θ
v
−, z
v
−). Moreover, for w
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we assume c+ = c− = 0 and τ+ = −τ− = τ0, and we denote (α, θ−, z−)
by (αw, θ
w
−, z
w
−) and (α, θ+, z+) by (αw, θ
w
+, z
w
+). We define wχ(τ, t) ∈
Lp1(R× [0, 1];X,L0, L1) for χ := (u, w, v, ρ) ∈ S× [ρ0,∞) by wχ(τ, t) :=
✟
✟✟
✟
✟✟
✟
✟✟
✟
✟
✟❳
❳❳
❳②
❳❳❳❳③
γ−
γ+
=⇒
✟
✟✟
✟
✟✟
❵❵❵❵
❵❵
❵❵
✟
✟✟
✟
✟✟
❵❵❵❵
❵❵
❵❵
✟
✟✟
✟
✟
✟
❵❵❵❵
❵❵
❵❵
✟
✟✟
✟
✟✟
✟
✟
✟
✟
✟✟
✟
✟
✟
✟
✟✟
✟
✟✟
✟
✟✟
Λ−0
Λ−1
❵❵❵❵
❵❵❵❵
R
−∞
−T+T−ρ− 1
−T+T−ρ
−T+T−ρ+ 1
−∞
∞
−∞
R
u v
w wχ
(αw(τ, t)− 2T−T+ρ, w(τ, t))
v(τ − 2T+ρ, t)
u(τ + 2T+ρ, t)
Figure 3
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• u(τ + 2T+ρ, t), for τ ≤ −T+ρ− 1/T−,
• (β(−T−τ−T−T+ρ)αu(τ+2T+ρ, t)+{1−β(−T−τ−T−T+ρ)}(−T−τ−
2T−T+ρ), β(−T−τ − T−T+ρ)θu+(τ + 2T+ρ, 1 − t) + {1 − β(−T−τ −
T−T+ρ)}(1 − t), β(−T−τ − T−T+ρ)zu+(τ + 2T+ρ, t)), for −T+ρ −
1/T− ≤ τ ≤ −T+ρ,
• (β(T−τ+T−T+ρ)(αw(τ, t)−2T−T+ρ)+{1−β(T−τ+T−T+ρ)}(−T−τ−
2T−T+ρ), β(T−τ + T−T+ρ)θ
w
−(τ, 1− t) + {1− β(T−τ + T−T+ρ)}(1−
t), β(T−τ + T−T+ρ)z
w
−(τ, t)), for −T+ρ ≤ τ ≤ −T+ρ+ 1/T−,
• (αw(τ, t)− 2T−T+ρ, w(τ, t)), for −T+ρ+ 1/T− ≤ τ ≤ T−ρ− 1/T+,
• (β(−T+τ+T−T+ρ)(αw(τ, t)−2T−T+ρ)+{1−β(−T+τ+T−T+ρ)}(T+τ−
2T−T+ρ), β(−T+τ+T−T+ρ)θw+(τ, t)+{1−β(−T+τ+T−T+ρ)}t, β(−T+τ+
T−T+ρ)z
w
+(τ, t)), for T−ρ− 1/T+ ≤ τ ≤ T−ρ,
• (β(T+τ − T−T+ρ)αv(τ − 2T−ρ, t) + {1 − β(T+τ − T−T+ρ)}(T+τ −
2T−T+ρ), β(T+τ−T−T+ρ)θv−(τ−2T−ρ, t)+{1−β(T+τ−T−T+ρ)}t, β(T+τ−
T−T+ρ)z
v
−(τ − 2T−ρ, t)), for T−ρ ≤ τ ≤ T−ρ+ 1/T+,
• v(τ − 2T−ρ, t) for T−ρ+ 1/T+ ≤ τ ,
see Figure 3. Then ∂Jtwχ = 0 for τ ≤ −T+ρ − 1/T−, −T+ρ + 1/T− ≤
τ ≤ T−ρ − 1/T+ and T−ρ + 1/T+ ≤ τ , and there are constants C1 > 0
and d > 0 such that
‖∂Jtwχ‖Lp ≤ C1e−dρ, (11)
where C1 depends only on S and ρ0, and Nwχ satisfies
‖Nwχ(ξ)−Nwχ(ξ′)‖Lp ≤ C2(‖ξ‖Lp1 + ‖ξ′‖Lp1)‖ξ − ξ′‖Lp1 , (12)
where ‖ξ‖Lp1 ≤ c and ‖ξ′‖Lp1 ≤ c and C2 is a constant depending only on‖∇wχ‖Lp and c. (The proof is similar to that of (6).)
From a spectral flow we can conclude
IndEwχ = IndEu;σ + dimKerQ∞ + IndEw;σ + dimKerQ
′
∞ + IndEv;σ,
where Eu =
∂
∂τ
−Qτ and Ev = ∂∂τ−Q′τ . In Section 2 we know dimKerQ∞ =
dimKerQ′∞ = 1, then IndEwχ = IndEu;σ+IndEw;σ+IndEv;σ+2. For sim-
plicity, in the following, we assume that IndEu;σ = IndEw;σ = IndEv;σ =
0 (and hence IndEwχ = 2). We will introduce the following two sections
e0ρ and e
1
ρ of w
∗
χTX :
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• Note that d
da
(a ∗ u)|a=0 is a section of u∗TX which, as τ → ∞,
is close to T−(
∂
∂α
), and d
da
(a ∗ w)|a=0 − T+ ddb(b♯w)|b=0 is a section
of w∗TX which, as τ → −∞, is close to (T− + T+)( ∂∂α) and, as
τ → ∞, is close to 0. In a similar way to construct wχ, we glue
β(τ −τ0+1) dda(a∗u)|a=0 and 1T−+T+{ dda(a∗w)|a=0−T+ ddb(b♯w)|b=0}
and the zero-section of v∗TX to construct e0ρ. Then Ewχe
0
ρ = 0 for
τ ≤ −2T+ρ+τ0−1 −2T+ρ+τ0 ≤ τ ≤ −T+ρ−1/T−, −T+ρ+1/T− ≤
τ ≤ T−ρ− 1/T+ and T−ρ+ 1/T+ ≤ τ .
• Note that d
da
(a∗w)|a=0+T− ddb(b♯w)|b=0 is a section of w∗TX which,
as τ → −∞, is close to 0 and, as τ →∞, is closed −(T−+T+)( ∂∂α).
In a similar way to construct wχ, we glue the zero-section of u
∗TX
and − 1
T−+T+
{ d
da
(a∗w)|a=0+T− ddb(b♯w)|b=0} and β(−τ−τ0+1) dda(a∗
v)|a=0 to construct e1ρ. Then Ewχe1ρ = 0 for τ ≤ −T+ρ − 1/T−,
−T+ρ+1/T− ≤ τ ≤ T−ρ−1/T+, T−ρ+1/T+ ≤ τ ≤ 2T−ρ− τ0 and
2T−ρ− τ0 + 1 ≤ τ .
From the construction, we can conclude that e0ρ is close to (
∂
∂α
) on H− :=
[τ0 − 2T+ρ,−τ0] and 0 on H+ := [τ0,−τ0 + 2T−ρ], and e1ρ is close to 0 on
H− and (
∂
∂α
) on H−. Hence
lim
ρ→∞
‖e0ρ‖H;L2
‖e0ρ‖L2
= 1, lim
ρ→∞
‖e1ρ‖H;L2
‖e1ρ‖L2
= 1,
lim
ρ→∞
∫
R×[0,1]
(
e0ρ/‖e0ρ‖L2 , e1ρ/‖e1ρ‖L2
)
dτdt = 0.
Proposition 4.8 Let χi := (ui, wi, vi, ρi), i = 1, 2, . . ., be a sequence of
S × [ρ0,∞) such that ρi → ∞. If ‖ξi‖Lp1 = 1 and ‖Ewχi ξi‖Lp → 0, then
there exists a subsequence {ξil} such that
‖ξil‖[−T+ρ+R1,−T+ρ+R2];Lp1 → 0,
where R1 ≤ 0 ≤ R2.
Proof. The proof is similar to that of Proposition 4.3. Define ξ′i(τ, t) :=
ξi(τ − T+ρ, t). By Rellich’s theorem, there exists ξ′(R1,R2) ∈ Lp([R1, R2]×
[0, 1];E ⊕ γ∗−ξ,R( ∂∂α) ⊕ Tγ−(0)Λ−0 ,R( ∂∂α) ⊕ Tγ−(1)Λ−1 ) and a subsequence
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{ξ′il} which converges ξ′(R1,R2) in the norm ‖ · ‖[R1,R2];Lp. For simplic-
ity, we assume ‖ξ′(R1,R2) − ξ′i‖Lp → 0 and ξ′(R′1,R′2)|[R1,R2]×[0,1] = ξ
′
(R1,R2)
for [R1, R2] ⊂ [R′1, R′2]. By the Ga¨rding’s inequality, we can conclude
that {ξ′i} has a subsequence which converges to ξ′(R1,R2) in the norm‖ · ‖[R1,R2];Lp1 . Moreover, from ‖ξ′i‖Lp1 ≤ C, we can conclude ‖ξ′∞‖Lp1 ≤ C,
where ξ′∞|[R1,R2]×[0,1] := ξ′(R1,R2). On the other hand, ξ′∞ splits into E
component (ξ′∞)E and ξ component (ξ
′
∞)ξ, and
∂
∂τ
(ξ′∞)E +
√−1 ∂
∂t
(ξ′∞)E = 0,
∂
∂τ
(ξ′∞)ξ + J0
∂
∂t
(ξ′∞)ξ − J0
∂A
∂t
A−1(ξ′∞)ξ = 0,
where −J0 ∂A∂t A−1 is the symmetric. Hence ξ′∞ = 0 (see [18]), and then‖ξ′il‖[R1,R2];Lp1 → 0.
Let W⊥wχ be the L
2-orthogonal compliment of Wwχ := 〈e0ρ, e1ρ〉 in
Lp1(w
∗
χTX,w
∗
χTL0, w
∗
χTL1).
Proposition 4.9 There exist constants ρ0 and C3 such that for χ ∈
S × [ρ0,∞) and ξ ∈ W⊥wχ
‖ξ‖Lp1 ≤ C3ρ
3
2
− 1
p‖Ewχξ‖Lp.
Proof. Let χi := (ui, wi, vi, ρi), i = 1, 2, . . ., be a sequence such that ρi →
∞ and there exist ξi ∈ W⊥wχ satisfying ‖ξi‖Lp1 = 1 and ρ
3
2
− 1
p
i ‖Ewχi ξi‖Lp →
0. We define the following smooth functions:
• βi(τ) := β(−T−τ + T+T−ρi),
• β ′i(τ) := β(T−τ + T+T−ρ),
• β ′′i (τ) := β(−T+τ − T+T−ρ),
• β ′′′i (τ) := β(T+τ − T+T−ρ).
Then
‖ξi‖Lp1 ≤ ‖βiξi‖Lp1 + ‖ξi‖[−T+ρ−1/T−,−T+ρ+1/T−];Lp1 + ‖β ′iβ ′′i ξi‖Lp1
+‖ξi‖[T−ρ−1/T+,T−ρ+1/T+];Lp1 + ‖β ′′′ξi‖Lp1 .
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From Proposition 4.8, we can conclude ‖ξi‖[−T+ρ−1/T−,−T+ρ+1/T−];Lp1 → 0
and ‖ξi‖[−T+ρ−1/T−,−T+ρ+1/T−];Lp1 → 0. Since we assume KerEu;σ = 0,
there exist constants C such that ‖βiξi‖Lp1 ≤ C‖Eu;σ(βiξi)‖Lp, and then
‖βiξi‖Lp1 ≤ C‖Eu;σ(βiξi)‖Lp
≤ C‖Eu(βiξi)− dσ
dτ
πE(βiξi)‖Lp
= C‖Ewχi (βiξi)−
dσ
dτ
πE(βiξi)‖Lp
≤ C‖βiEwχi ξi‖Lp + C‖β˙iξi‖Lp + C ′‖πEξi‖[τ0−2T+ρ,−τ0];Lp
From the assumption ρ
3
2
− 1
p‖Ewχi ξi‖Lp → 0 we know ‖βiEwχi ξi‖Lp → 0,
and from Proposition 4.8 we conclude ‖β˙iξi‖Lp → 0. Regard πEξi on [τ0−
2T+ρ,−τ0]× [0, 1] as a function on Ti := R/2(T+ρ− τ0)× [0, 1], and split
πEξi into ni ∈ KerEwχi and ki ∈ (KerEwχi )⊥. Since ξi ∈ W⊥wχi , we obtain
limi→0〈πEξi, e0ρi/‖e0ρi‖L2〉 = 0, and then limi→∞ ‖ni‖L2(Ti) = 0. More-
over, since Ewχi |E = ∂∂τ +
√−1 ∂
∂t
, then ‖ki‖L2(Ti) ≤ T+ρi−τ0pi ‖Ewχiki‖L2(Ti).
By the Ho¨lder’s inequality ‖y‖L2(Ti) ≤ (2T+ρi − 2τ0)
1
2
− 1
p‖y‖Lp(Ti) (we
need p > 2) and the assumption ρ
3
2
− 1
p
i ‖Ewχi ξi‖Lp → 0, we can conclude
limi→∞ ‖ki‖L2(Ti) = 0, and then limi→∞ ‖πEξi‖L2(Ti) = 0. From the as-
sumption ‖ξi‖Lp1 = 1 and the Sobolev’s embedding theorem (we need p >
2), we can conclude |ξi| < c. Then ‖πEξi‖Lp(Ti) ≤ c1−2/p‖πEξi‖2/pL2(Ti) (also
we need p > 2), and limi→∞ ‖πEξi‖Lp(Ti) = 0. Finally, we finish proving
limi→∞ ‖βiξi‖Lp1 = 0. Similarly, we can prove limi→∞ ‖β ′iβ ′′i ξi‖Lp1 = 0 and
limi→∞ ‖β ′′′i ξi‖Lp1 = 0, and then ‖ξi‖Lp1 → 0 which is a contradiction to
the assumption ‖ξi‖Lp1 = 1.
Proposition 4.10 There exist constants ρ0 and C3 such that for χ ∈
S × [ρ0,∞) there exists a map Gwχ : Lp(wχTX)→ W⊥wχ such that
EwχGwχ = id,
‖Gwχξ‖Lp1 ≤ C3ρ
3
2
− 1
p‖ξ‖Lp. (13)
Proof. From Proposition 4.9, if ξ ∈ KerEwχ ∩W⊥wχ , then ξ = 0 and
dimKerEwχ ≤ 2.
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On the other hand, from Assumption 3.1,
dimKerEwχ ≥ IndEwχ
= 2.
Hence we obtain
KerEwχ ⊕W⊥wχ = Lp1(w∗χTX,w∗χTL0, w∗χTL1),
and Ewχ is surjective. From the estimate of Proposition 4.9 we can ob-
tain Gwχ as in the proposition.
So far we obtain the following: Let S be a compact set in the or-
bit. Then there are constants ρ0 such that, for χ := (u, w, v, ρ) ∈ S ×
[ρ0,∞), a map fwχ : Lp1(w∗χTX,w∗χTL0, w∗χTL1) → Lp(w∗χTX) satisfies
(11) and (12) and Dfwχ(0) possesses a right inverse Gwχ : L
p(w∗χTX)→
Lp1(w
∗
χTX,w
∗
χTL0, w
∗
χTL1) satisfying (13). From (11) and (13)
‖Gwχfwχ(0)‖Lp1 ≤ C1C2ρ
3
2
− 1
p e−dρ,
and from (12) and (13)
‖GwχNwχ(ξ)−GwχNwχ(ξ′)‖Lp1 ≤ C2C3ρ
3
2
− 1
p (‖ξ‖Lp1 + ‖ξ′‖Lp1)‖ξ − ξ′‖Lp1 .
Denote C := C2C3ρ
3
2
− 1
p and choose ρ0 large enough, then
‖Gwχfwχ(0)‖Lp1 ≤
1
8C
.
Then, from the Newton’s method in Appendix A, we can conclude that
there are constants ρ0 and C
′ and a smooth map
♯ : S × [ρ0,∞)→M2I(p−, p+), χ 7→ expwχ(ξχ)
with ‖ξχ‖Lp1 ≤ C ′‖∂Jtwχ‖Lp. Divide them by the R actions, then we
obtain a gluing map ♯ˆ : Sˆ × [ρ0,∞)→ Mˆ1I(p−, p+).
The next step is to show the surjectivity of ♯ : S × [ρ0,∞) →
M2I(p−, p+) ∩ U(ε,ρ)(u, w, v). Let h be a map which satisfies the La-
grangian boundary conditions and (I) and the decay conditions (1) and
(1′), and h(τ, t) = (αh, θ
h
−, z
h
−) ∈ Imι− for −τ0 ≤ τ ≤ τ0 − 2T+ρ and
h(τ, t) = (αh, θ
h
+, z
h
+) ∈ Imι+ for τ0 ≤ τ ≤ −τ0 + 2T−ρ. Then we define
xρ(τ + 2T+ρ, t) by
Floer’s chain complexes in symplectic manifolds with concave ends 39
• h(τ, t) for τ ≤ −T+ρ− 1/T−,
• (β(−T−τ−T−T+ρ)αh(τ, t)+{1−β(−T−τ−T−T+ρ)}(−T−τ−2T−T+ρ), β(−T−τ−
T−T+ρ)θ
h
−(τ, t)+{1−β(−T−τ−T−T+ρ)}(1−t), β(−T−τ−T−T+ρ)zh−(τ, t))
for −T+ρ− 1/T− ≤ τ ,
wρ(τ, t) by
• (β(T−τ+T−T+ρ)(αh(τ, t)+2T−T+ρ),+{1−β(T−τ+T−T+ρ)}(−T−τ), β(T−τ+
T−T+ρ)θ
h
−(τ, 1−t)+{1−β(T−τ+T−T+ρ)}(1−t), β(T−τ+T−T+ρ)}zh−(τ, t)),
for τ ≤ −T+ρ+ 1/T−,
• (αh(τ, t) + 2T−T+ρ, h(τ, t)), for −T+ρ+ 1/T− ≤ τ ≤ T−ρ− 1/T+,
• (β(−T+τ+T−T+ρ)αh(τ, t)+{1−β(−T+τ+T−T+ρ)}T+τ, β(−T+τ+
T−T+ρ)θ
h
+ + {1− β(−T+τ + T−T+ρ)}t, β(−T+τ + T−T+ρ)zh+(τ, t)),
for T−ρ− 1/T+ ≤ τ ,
and yρ(τ − 2T+ρ, t) by
• (β(T+τ−T−T+ρ)αh(τ, t)+{1−β(T+τ−T−T+ρ)}(T+τ−2T−T+ρ), β(T+τ−
T−T+ρ)θ
h
+(τ, t)+{1−β(T+τ −T−T+ρ)}t, β(T+τ −T−T+ρ)zh+(τ, t)),
for τ ≤ T−ρ+ 1/T+,
• h(τ, t) for T−ρ+ 1/T+ ≤ τ .
Moreover we define U(ε,ρ0)(u, w, v), for (u, w, v) ∈ S, to be the set of
h such that, for ρ > ρ0, u − xρ satisfies the e− 1ε |τ |-exponential decay
condition (see (14)), and also w − zρ and u − yρ. (For simplicity, we
shall use a letter x to denote xρ, and also w := wρ and y := yρ.) If
h ∈ M2I(p−, p+) ∩ U(ε,ρ0)(u, w, v), then for a smooth map fx there are
constants C and C ′ such that
‖fx(0)‖Lp0;σ ≤ Ce−
1
ε
ρ (14)
‖Nx(ξ)−Nx(ξ′)‖Lp0;σ ≤ C ′(‖ξ‖Lp1;σ + ‖ξ′‖Lp1;σ)‖ξ − ξ′‖Lp1;σ , (15)
where ‖ξ‖Lp1;σ ≤ c and ‖ξ‖Lp1;σ ≤ c and C ′ depends on c, and also for
fw and fy. (The proofs of the above estimates are similar to those
of (5) and (6).) We define two sections e0ρ := (e
0
x, e
0
z, e
0
y) and e
1
ρ :=
(e1x, e
1
z, e
1
y) ∈ (〈 dda(a ∗ x)|a=0〉 ⊕ Lp1;σ(x∗TX, x∗TL0, x∗TL1)) ⊕ (〈 dda(a ∗
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x)|a=0, ddb(b♯w)|b=0〉 ⊕ Lp1;σ(w∗TX,w∗TL0, w∗TL1)) ⊕ (〈 dda(a ∗ x)|a=0〉 ⊕
Lp1;σ(y
∗TX, y∗TL0, y
∗TL1)) by
e0ρ :=
(
β(τ − τ0 + 1) d
da
(a ∗ x)
∣∣∣∣
a=0
,
1
T− + T+
{
d
da
(a ∗ w)
∣∣∣∣
a=0
− T+ d
db
(b♯w)
∣∣∣∣
b=0
}
, 0
)
,
e1ρ :=
(
0,− 1
T− + T+
{
d
da
(a ∗ w)
∣∣∣∣
a=0
+ T−
d
db
(b♯w)
∣∣∣∣
b=0
}
, β(−τ − τ0 + 1) d
da
(a ∗ y)
∣∣∣∣
a=0
)
.
DefineW(h,ρ) := 〈e0ρ, e1ρ〉 andH(h,ρ) := W(h,ρ)⊕Lp1;σ(x∗TX, x∗TL0, x∗TL1)⊕
Lp1;σ(w
∗TX,w∗TL0, w
∗TL1)⊕Lp1;σ(y∗TX, y∗TL0, y∗TL1), and the L2-inner
product on H(h,ρ) by
〈ξ, ξ′〉H
(h,ρ)
:= 〈ξ, ξ′〉L2,
〈e0ρ, ξ〉H(h,ρ) = 〈e1ρ, ξ〉H(h,ρ) := 0,
〈e0ρ, e1ρ〉H(h,ρ) := 0,
where ξ, ξ′ ∈ Lp1;σ(x∗TX, x∗TL0, x∗TL1)⊕Lp1;σ(w∗TX,w∗TL0, w∗TL1)⊕
Lp1;σ(y
∗TX, y∗TL0, y
∗TL1). Let W
⊥
(h,ρ)
be the L2-orthogonal compliment
of W(h,ρ) in H(h,ρ).
Proposition 4.11 There are constants ε0 > 0 and ρ0 and C such that
for h ∈M2I(p−, p+) ∩ U(ε0,ρ0)(u, w, v) and ξ := (ξx, ξw, ξy) ∈ W⊥(h,ρ)
‖ξ‖Lp1;σ ≤ C‖(Exξx, Ewξw, Eyξy)‖Lp0;σ .
Proof. Let {εi}i=1,2,... and {ρi}i=1,2,... and hi ∈M2I(p−, p+)∩U(εi,ρi)(u, w, v)
be sequences such that εi → 0 and ρi → ∞ and there exist ξi =
(ξxi, ξwi, ξyi) ∈ W⊥(hi,ρi) satisfying ‖ξi‖Lp1;σ = 1 and ‖(Exiξxi, Ewiξwi, Eyiξyi)‖Lp0;σ →
0. Then, in a similar way to the proof of Proposition 4.6, we can prove
that there exists a subsequence {ξil} such that ‖ξil‖Lp1;σ → 0, which con-
tradicts the assumption ‖ξi‖Lp1;σ = 1.
Proposition 4.12 There exist constants ε0 > 0 and ρ0 and C such
that for h ∈ M2I(p−, p+) ∩ U(ε0,ρ0)(u, w, v) there exists a map G(h,ρ) :
Lp0;σ(x
∗TX)⊕ Lp0;σ(w∗TX)⊕ Lp0;σ(y∗TX)→ W⊥(h,ρ) such that
(Ex ⊕ Ew ⊕ Ey)G(h,ρ) = id,
‖G(h,ρ)ξ‖Lp1;σ ≤ C‖ξ‖Lp0;σ . (16)
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Proof. From Proposition 4.11, if ξ ∈ Ker(Ex ⊕ Ew ⊕ Ey) ∩W⊥(h,ρ), then
ξ = 0 and
dimKer(Ex ⊕Ew ⊕ Ey) ≤ dimW(h,ρ).
On the other hand, from Assumption 3.1,
dimKer(Ex ⊕Ew ⊕ Ey) ≥ IndEx;σ + IndEw;σ + IndEy;σ + 2
= dimW(h,ρ).
Hence we obtain
Ker(Ex ⊕ Ew ⊕ Ey)⊕W⊥(h,ρ) = H(h,ρ),
and Ex ⊕ Ew ⊕ Ey is surjective. From the estimate of Proposition 4.11
we can obtain G(h,ρ) as in the proposition.
So far we obtain the following: There are constants ε0 > 0 and
ρ0 such that, for h ∈ M2I(p−, p+) ∩ U(ε0,ρ0)(u, w, v), a map f(x,w,y) :=
(fx, fw, fy) : H(ρ,ε) → Lp0;σ(x∗TX) ⊕ Lp0;σ(w∗TX) ⊕ Lp0;σ(y∗TX) satis-
fies (14) and (15), and Df(x,w,y)(0) possesses a right inverse G(h,ρ) :
Lp0;σ(x
∗TX) ⊕ Lp0;σ(w∗TX) ⊕ Lpσ(y∗TX) → H(h,ρ) satisfying (16). If we
choose ρ0 large enough, then
‖G(h,ρ)f(x,w,y)(0)‖Lp1;σ ≤
1
8C
From the Newton’s method in Appendix A, we can conclude that there
are constants ε > 0 and ρ and C ′ and a smooth map
♯′ :M2I(p−, p+) ∩ U(ε,ρ)(u, w, v)→ S, h 7→ (expx(ξh;x), expw(ξh;w), expy(ξh;y))
with ‖ξh;x‖Lp1;σ ≤ C ′‖∂Jtx‖Lp0;σ , and also w and y. Divide them by the R
actions, then we obtain a map ♯ˆ′ : Mˆ1I(p−, p+) ∩ Uˆ(ε,ρ)(u, w, v)→ Sˆ.
From the construction of ♯ and ♯′, if ρ0 is large and ε is small enough,
then ♯ ◦ ♯′ and ♯′ ◦ ♯ are diffeomorphisms. We finish proving the gluing
argument (ii).
Next we will prove the gluing argument (iii). (Most of the proof is
similar to that of (i), we will show a sketch.) In a similar way of the
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proof for (i), for compact sets K ⊂ M1II(γ−, q) and K ′ ⊂ M1I(q, p+) we
construct a strip wχ(τ, t) for χ := (u, v, ρ) ∈ K × K ′ × [ρ0,∞) which
satisfies the Lagrangian boundary conditions and (II) and the decay
conditions (2) and (1′) and
‖∂Jtwχ‖Lp0;σ ≤ Ce−dρ,
where C and d > 0 are constants depending only on K, K ′ and ρ0.
Moreover, for ‖ξ‖Lp1;σ ≤ c and ‖ξ′‖Lp1;σ ≤ c,
‖Nwχ(ξ)−Nwχ(ξ′)‖Lp0;σ ≤ C(‖ξ‖Lp1;σ + ‖ξ′‖Lp1;σ)‖ξ − ξ′‖Lp1;σ ,
where C is a constant depending only on ‖∇wχ‖Lp0;σ and c. We use
maps Eu : 〈 dda(a ∗ u)|a=0〉 ⊕ Lp1;σ(u∗TX, u∗TL0, u∗L1)→ Lp0;σ(u∗TX) and
Ev : L
p
1(v
∗TX, v∗TL0, v
∗L1) → Lp(v∗TX). For η ∈ KerEu and ζ ∈
KerEv, we define similar η♯ρζ as in the proof of (i). Let W
⊥
wχ be the
L2- orthogonal compliment of Wwχ := {η♯ρζ |η ∈ KerEu, ζ ∈ KerEv} in
〈 d
da
(a ∗ wχ)|a=0〉 ⊕ Lp1;σ(w∗χTX,w∗χTL0, w∗χTL1).
Proposition 4.13 There exist constants ρ0 and C such that for χ ∈
K ×K ′ × [ρ0,∞) and ξ ∈ W⊥wχ
‖ξ‖Lp1;σ ≤ C‖Ewχξ‖Lp0;σ .
Proposition 4.14 There exist constants ρ0 and C such that for χ ∈
K ×K ′ × [ρ0,∞) there exists a map Gwχ : Lp0;σ →W⊥wχ such that
EwχGwχ = id,
‖Gwχξ‖Lp1;σ ≤ C‖ξ‖Lp0;σ .
From these propositions and the Newton’s method, we can conclude that
there are constants ρ0 and C and a smooth map
♯ : K ×K ′ × [ρ0,∞)→M2II(γ−, p+), χ 7→ expwχ(ξχ)
with ‖ξχ‖Lp1;σ ≤ C‖∂Jtwχ‖Lp0;σ . Divide them by the R actions, we obtain
a gluing map ♯ˆ : Kˆ × Kˆ ′ × [ρ0,∞)→ Mˆ1II(γ−, p+).
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The next step is to show the surjectivity of ♯ : K ×K ′ × [ρ0,∞) →
M2II(γ−, p+) ∩ U(ε,ρ)(u, v). In a similar way of the proof for (i), for a
map w which satisfies the Lagrangian boundary conditions and (II) and
the decay conditions (2) and (1′), we define x := xρ and y := yρ and
U(ε,ρ0)(u, v). If w ∈M2II(γ−, p+) ∩U(ε,ρ)(u, v), then for a smooth map fx
there are constants C and C ′ and d > 0 such that
‖fx(0)‖Lp0;σ ≤ Ce−dρ,
‖Nx(ξ)−Nx(ξ′)‖Lp0;σ ≤ C ′(‖ξ‖Lp1;σ + ‖ξ′‖Lp1;σ)‖ξ − ξ′‖Lp1;σ ,
where ‖ξ‖Lp1;σ ≤ c and ‖ξ′‖Lp1;σ ≤ c and C ′ depends on c, and also for
fy with norms ‖·‖Lp1 and ‖·‖Lp. For ξ ∈ Ker{Ew : 〈 dda(a∗w)|a=0〉⊕L
p
1;σ →
Lp0;σ}, we define similar ξˆ := (ξx, ξy) ∈ (〈 dda(a∗x)|a=0〉⊕Lp1;σ(x∗TX, x∗TL0, x∗TL1))⊕
Lp1(y
∗TX, y∗TL0, y
∗TL1) as in the proof of (i). Let W
⊥
(w,ρ) be the L
2-
orthogonal compliment of W(w,ρ) := {ξˆ|ξ ∈ KerEw} in (〈 dda(a ∗ x)|a=0〉 ⊕
Lp1;σ(x
∗TX, x∗TL0, x
∗TL1))⊕ Lp1(y∗TX, y∗TL0, y∗TL1).
Proposition 4.15 There are constants ε0 > 0 and ρ0 and C such that
for w ∈M2II(γ−, p+) ∩ U(ε0,ρ0)(u, v) and ξ := (ξx, ξy) ∈ W⊥(w,ρ)
‖ξ‖Lp1;σ⊕Lp1 ≤ C‖(Exξx, Eyξy)‖Lp0;σ⊕Lp.
Proposition 4.16 There exist constants ε0 > 0 and ρ0 and C such
that for w ∈ M2II(γ−, p+) ∩ U(ε0,ρ0)(u, v) there exists a map G(w,ρ) :
Lp0;σ(x
∗TX)⊕ Lp(y∗TX)→W⊥(w,ρ) such that
(Ex ⊕Ey)G(w,ρ) = id,
‖G(w,ρ)ξ‖Lp1;σ⊕Lp1 ≤ C‖ξ‖Lp0;σ⊕Lp.
From these propositions and the Newton’s method, we can conclude that
there are constants ε > 0 and ρ and C and a smooth map
♯′ :M2II(γ−, p+) ∩ U(ε,ρ)(u, v)→ K ×K ′, w 7→ (expx(ξw;x), expy(ξw;y))
with ‖ξw;x‖Lp1;σ ≤ C‖∂Jtx‖Lp0;σ and ‖ξw;y‖Lp1 ≤ C‖∂Jty‖Lp. Divide them
by the R actions, and we obtain a map ♯ˆ′ : Mˆ1II(γ−, p+) ∩ Uˆ(ε,ρ)(u, v)→
Kˆ × Kˆ ′.
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From the construction of ♯ and ♯′, if ρ0 is large and ε is small enough,
then ♯ ◦ ♯′ and ♯′ ◦ ♯ are diffeomorphisms. We finish proving the gluing
argument (iii).
Next we will prove the gluing argument (iv). (Most of the proof is
similar to that of (ii), we will show a sketch.) Take a lift of Mˆ0III(γ−, γ′−)×
Mˆ0IV (γ′−, γ′+)×Mˆ0II(γ′+, p+) inM1III(γ−, γ′−)×M2IV (γ′−, γ′+)×M1II(γ′+, p+)
and consider the orbit of the lift by R2-action: for (a, 0) ∈ R2, (a, 0) ·
(u, w, v) := (u, a∗w, v), and for (0, b) ∈ R2, (0, b) · (u, w, v) := (u, b♯w, v).
Note that the orbit is diffeomorphic to Mˆ0III(γ−, γ′−) × Mˆ0IV (γ′−, γ′+) ×
Mˆ0II(γ′+, p+)×R2. We choose a compact set S in the orbit, and we will
construct a gluing map ♯ : S × [ρ0,∞)→M2II(γ−, p+). In a similar way
of the proof for (ii) we construct a strip wχ(τ, t) for χ := (u, w, v, ρ) ∈
S × [ρ0,∞) which satisfies the Lagrangian boundary conditions and (II)
and decay conditions (2) and (1′) and
‖∂Jtwχ‖Lp0;σ ≤ Ce−dρ,
where C and d > 0 are constants depending only on S and ρ0. Moreover,
for ‖ξ‖Lp1;σ ≤ c and ‖ξ′‖Lp1;σ ≤ c,
‖Nwχ(ξ)−Nwχ(ξ′)‖Lp0;σ ≤ C(‖ξ‖Lp1;σ + ‖ξ′‖Lp1;σ)‖ξ − ξ′‖Lp1;σ ,
where C is a constant depending only on ‖∇wχ‖Lp0;σ and c. We define
similar e0ρ and e
1
ρ as in the proof of (ii). Let W
⊥
wχ be the L
2- orthogonal
compliment of Wwχ := 〈−β(−τ − 2τ0− 2T−ρ) dda(a ∗u)|a=0(τ +2T−ρ, t)+
e0ρ, e
1
ρ〉 in 〈 dda(a ∗ wχ)|a=0〉 ⊕ Lp1;σ(w∗χTX,w∗χTL0, w∗χTL1).
Proposition 4.17 There exist constants ρ0 and C such that for χ ∈
S × [ρ0,∞) and W⊥wχ
‖ξ‖Lp1;σ ≤ Cρ
3
2
− 1
p‖Ewχξ‖Lp0;σ .
Proposition 4.18 There exist constants ρ0 and C such that for χ ∈
S × [ρ0,∞) there exists a map Gwχ : Lp0;σ → W⊥wχ such that
EwχGwχ = id,
‖Gwχξ‖Lp1;σ ≤ Cρ
3
2
− 1
p‖ξ‖Lp0;σ .
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From these propositions and the Newton’s method, we can conclude that
there are constants ρ0 and C and a smooth map
♯ : S × [ρ0,∞)→M2II(γ−, p+), ξ 7→ expwχ(ξχ)
with ‖ξχ‖Lp1;σ ≤ C‖∂Jtwχ‖Lp0;σ . Divide them by the R actions, we obtain
a gluing map ♯ˆ : Sˆ × [ρ0,∞)→ Mˆ1II(γ−, p+).
The next step is to show the surjectivity of ♯ : S × [ρ0,∞) →
M2II(γ−, p+). In a similar way of the proof for (ii), for a map h which
satisfies the Lagrangian boundary conditions and (II) and the decay
conditions (2) and (1′), we define x := xρ, w := wρ and y := yρ and
U(ε,ρ0)(u, w, v). If h ∈ M2II(γ−, p+) ∩ U(ε,ρ0)(u, w, v), then for a smooth
map fx there are constants C and C
′
‖fx(0)‖Lp0;σ ≤ Ce−
1
ε
ρ,
‖Nx(ξ)−Nx(ξ′)‖Lp0;σ ≤ C ′(‖ξ‖Lp1;σ + ‖ξ′‖Lp;σ)‖ξ − ξ′‖Lp1;σ ,
where ‖ξ‖Lp1;σ ≤ c and ‖ξ′‖Lp1;σ ≤ c and C ′ depend on c, and also for
fw and fy. We define similar e
0
ρ and e
1
ρ as in the proof of (ii). De-
fine W(h,ρ) := 〈−β(−τ − τ0) dda(a ∗ x)|a=0 + e0ρ, e1ρ〉 and H(h,ρ) := W(h,ρ) ⊕
Lp1;σ(x
∗TX, x∗TL0, x
∗TL1)⊕Lp1;σ(w∗TX,w∗TL0, w∗TL1)⊕Lp1;σ(y∗TX, y∗TL0, y∗TL1)
and the L2-inner product on H(h,ρ) by
〈ξ, ξ′〉H
(h,ρ)
:= 〈ξ, ξ′〉L2 ,〈
−β(−τ − τ0) d
da
(a ∗ x)
∣∣∣∣
a=0
+ e0ρ, ξ
〉
H
(h,ρ)
= 〈e1ρ, ξ〉H(h,ρ) := 0,
〈
−β(τ + τ0) d
da
(a ∗ x)
∣∣∣∣
a=0
+ e0ρ, e
1
ρ
〉
H
(h,ρ)
:= 0,
where ξ, ξ′ ∈ Lp1;σ(x∗TX, x∗TL0, x∗TL1)⊕Lp1;σ(w∗TX,w∗TL0, w∗TL1)⊕
Lp1;σ(y
∗TX, y∗TL0, y
∗TL1). Let W
⊥
(h,ρ)
be the L2-orthogonal compliment
of W(h,ρ) in H(h,ρ).
Proposition 4.19 There are constants ε0 > 0 and ρ0 and C such that
for h ∈M2II(γ−, p+) ∩ U(ε0,ρ0)(u, w, v) and ξ := (ξx, ξw, ξy) ∈ W⊥(h,ρ)
‖ξ‖Lp1;σ ≤ C‖(Exξx, Ewξw, Eyξy)‖Lp0;σ .
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Proposition 4.20 There exist constants ε0 > 0 and ρ0 and C such
that for h ∈ M2II(γ−, p+) ∩ U(ε0,ρ0)(u, w, v) there exists a map G(h,ρ) :
Lp0;σ(x
∗TX)⊕ Lp0;σ(w∗TX)⊕ Lp0;σ(y∗TX)→ W⊥(h,ρ) such that
(Ex ⊕ Ew ⊕ Ey)G(h,ρ) = id,
‖G(h,ρ)ξ‖Lp1;σ ≤ C‖ξ‖Lp0;σ .
From these propositions and the Newton’s method, we can conclude that
there are constants ε > 0 and ρ and C and a smooth map
♯′ :M2II(γ−, p+)∩U(ε,ρ)(u, w, v)→ S, h 7→ (expx(ξh;x), expw(ξh;w), expy(ξh;y))
with ‖ξh;x‖Lp1;σ ≤ C‖∂Jtx‖Lp0;σ , and also w and y. Divide them by the R
actions, then we obtain a map ♯ˆ′ : Mˆ1II(γ−, p+) ∩ Uˆ(ε,ρ)(u, w, v)→ Sˆ.
From the construction of ♯ and ♯′, if ρ0 is large and ε is small enough,
then ♯ ◦ ♯′ and ♯′ ◦ ♯ are diffeomorphisms. We finish proving the gluing
argument (iv).
Next we will prove the gluing argument (v). (Most of the proof is
similar to that of (ii), we will show a sketch.) Take a lift of Mˆ0V (γ−, γ)×
Mˆ0II(γ, p+) in M2V (γ−, γ)×M1II(γ, p+) and consider the orbit of the lift
byR2-action: for (a, 0) ∈ R2, (a, 0)·(u, v) := (a∗u, v), and for (0, b) ∈ R2,
(0, b) · (b♯u, v). Note that the orbit is diffeomorphic to Mˆ0V (γ−, γ) ×
Mˆ0II(γ, p+) ×R2. We choose a compact set S in the orbit, and we will
construct a gluing map ♯ : S × [ρ0,∞) → M2II(γ−, p+). In a similar
way of the proof for (ii) we construct a strip wχ(τ, t) for χ := (u, v, ρ) ∈
S × [ρ0,∞) which satisfies the Lagrangian boundary conditions and (II)
and decay conditions (2) and (1′) and
‖∂Jtwχ‖Lp0;σ ≤ Ce−dρ,
where C and d > 0 are constants depending only on S and ρ0. Moreover,
for ‖ξ‖Lp1;σ ≤ c and ‖ξ′‖Lp1;σ ≤ c,
‖Nwχ(ξ)−Nwχ(ξ′)‖Lp0;σ ≤ C(‖ξ‖Lp1;σ + ‖ξ′‖Lp1;σ)‖ξ − ξ′‖Lp1;σ ,
where C is a constant depending only on ‖∇wχ‖Lp0;σ and c. We define sim-
ilar e0ρ and e
1
ρ as in the proof of (ii). Let W
⊥
wχ be the L
2- orthogonal com-
pliment ofWwχ := 〈e0ρ, e1ρ〉 in 〈 dda(a∗wχ)|a=0〉⊕Lp1;σ(w∗χTX,w∗χTL0, w∗χTL1).
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Proposition 4.21 There exist constants ρ0 and C such that for χ ∈
S × [ρ0,∞) and W⊥wχ
‖ξ‖Lp1;σ ≤ Cρ
3
2
− 1
p‖Ewχξ‖Lp0;σ .
Proposition 4.22 There exist constants ρ0 and C such that for χ ∈
S × [ρ0,∞) there exists a map Gwχ : Lp0;σ → W⊥wχ such that
EwχGwχ = id,
‖Gwχξ‖Lp1;σ ≤ Cρ
3
2
− 1
p‖ξ‖Lp0;σ .
From these propositions and the Newton’s method, we can conclude that
there are constants ρ0 and C and a smooth map
♯ : S × [ρ0,∞)→M2II(γ−, p+), ξ 7→ expwχ(ξχ)
with ‖ξχ‖Lp1;σ ≤ C‖∂Jtwχ‖Lp0;σ . Divide them by the R actions, we obtain
a gluing map ♯ˆ : Sˆ × [ρ0,∞)→ Mˆ1II(γ−, p+).
The next step is to show the surjectivity of ♯ : S × [ρ0,∞) →
M2II(γ−, p+). In a similar way of the proof for (ii), for a map h which
satisfies the Lagrangian boundary conditions and (II) and the decay con-
ditions (2) and (1′), we define x := xρ and y := yρ and U(ε,ρ0)(u, v). If
h ∈M2II(γ−, p+) ∩U(ε,ρ0)(u, v), then for a smooth map fx there are con-
stants C and C ′
‖fx(0)‖Lp0;σ ≤ Ce−
1
ε
ρ,
‖Nx(ξ)−Nx(ξ′)‖Lp0;σ ≤ C ′(‖ξ‖Lp1;σ + ‖ξ′‖Lp;σ)‖ξ − ξ′‖Lp1;σ ,
where ‖ξ‖Lp1;σ ≤ c and ‖ξ′‖Lp1;σ ≤ c and C ′ depend on c, and also for fy.
DefineW(h,ρ) := 〈e0ρ, e1ρ〉 andH(h,ρ) := W(h,ρ)⊕Lp1;σ(x∗TX, x∗TL0, x∗TL1)⊕
Lp1;σ(y
∗TX, y∗TL0, y
∗TL1), and the L
2-inner product on H(h,ρ) in a sim-
ilar way to that of (ii). Let W⊥
(h,ρ)
be the L2-orthogonal compliment of
W(h,ρ) in H(h,ρ).
Proposition 4.23 There are constants ε0 > 0 and ρ0 and C such that
for h ∈M2II(γ−, p+) ∩ U(ε0,ρ0)(u, v) and ξ := (ξx, ξy) ∈ W⊥(h,ρ)
‖ξ‖Lp1;σ ≤ C‖(Exξx, Eyξy)‖Lp0;σ .
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Proposition 4.24 There exist constants ε0 > 0 and ρ0 and C such
that for h ∈ M2II(γ−, p+) ∩ U(ε0,ρ0)(u, v) there exists a map G(h,ρ) :
Lp0;σ(x
∗TX)⊕ Lp0;σ(y∗TX)→W⊥(h,ρ) such that
(Ex ⊕Ey)G(h,ρ) = id,
‖G(h,ρ)ξ‖Lp1;σ ≤ C‖ξ‖Lp0;σ .
From these propositions and the Newton’s method, we can conclude that
there are constants ε > 0 and ρ and C and a smooth map
♯′ :M2II(γ−, p+) ∩ U(ε,ρ)(u, v)→ S, h 7→ (expx(ξh;x), expy(ξh;y))
with ‖ξh;x‖Lp1;σ ≤ C‖∂Jtx‖Lp0;σ , and also y. Divide them by the R actions,
then we obtain a map ♯ˆ′ : Mˆ1II(γ−, p+) ∩ Uˆ(ε,ρ)(u, v)→ Sˆ.
From the construction of ♯ and ♯′, if ρ0 is large and ε is small enough,
then ♯ ◦ ♯′ and ♯′ ◦ ♯ are diffeomorphisms. We finish proving the gluing
argument (v).
Next we will prove the gluing argument (vi). (Most of the proof is
similar to that of (i), we will show a sketch.) In a similar way to the
proof for (i), for compact sets K ⊂ M1II(γ−, q) and K ′ ⊂ M1II′(q, γ+)
we construct a strip wχ(τ, t) for χ := (u, v, ρ) ∈ K ×K ′ × [ρ0,∞) which
satisfies the Lagrangian boundary conditions and (III) and the decay
conditions (2) and (2′) and
‖∂Jtwχ‖Lp0;σ ≤ Ce−dρ,
where C and d > 0 are constants depending only on K, K ′ and ρ0.
Moreover, for ‖ξ‖Lp1;σ ≤ c and ‖ξ′‖Lp1;σ ≤ c,
‖Nwχ(ξ)−Nwχ(ξ′)‖Lp0;σ ≤ C(‖ξ‖Lp1;σ + ‖ξ′‖Lp1;σ)‖ξ − ξ′‖Lp1;σ ,
where C is a constant depending only on ‖∇wχ‖Lp0;σ and c. We use maps
Eu : 〈 dda(a ∗ u)|a=0〉 ⊕ Lp1;σ(u∗TX, u∗TL0, u∗L1) → Lp0;σ(u∗TX) and Ev :〈 d
da
(a ∗ v)|a=0〉 ⊕ Lp1(v∗TX, v∗TL0, v∗L1) → Lp(v∗TX). For η ∈ KerEu
and ζ ∈ KerEv}, we define similar η♯ρζ as in the proof of (i). LetW⊥wχ be
the L2- orthogonal compliment of Wwχ := {η♯ρζ |η ∈ KerEu, ζ ∈ KerEv}
in 〈 d
da
(a ∗ wχ)|a=0〉 ⊕ Lp1;σ(w∗χTX,w∗χTL0, w∗χTL1).
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Proposition 4.25 There exist constants ρ0 and C such that for χ ∈
K ×K ′ × [ρ0,∞) and ξ ∈ W⊥wχ
‖ξ‖Lp1;σ ≤ C‖Ewχξ‖Lp0;σ .
Proposition 4.26 There exist constants ρ0 and C such that for χ ∈
K ×K ′ × [ρ0,∞) there exists a map Gwχ : Lp0;σ →W⊥wχ such that
EwχGwχ = id,
‖Gwχξ‖Lp1;σ ≤ C‖ξ‖Lp0;σ .
From these propositions and the Newton’s method, we can conclude that
there are constants ρ0 and C and a smooth map
♯ : K ×K ′ × [ρ0,∞)→M2III(γ−, γ+), χ 7→ expwχ(ξχ)
with ‖ξχ‖Lp1;σ ≤ C‖∂Jtwχ‖Lp0;σ . Divide them by the R actions, we obtain
a gluing map ♯ˆ : Kˆ × Kˆ ′ × [ρ0,∞)→ Mˆ1III(γ−, γ+).
The next step is to show the surjectivity of ♯ : K ×K ′ × [ρ0,∞) →
M2III(γ−, γ+) ∩ U(ε,ρ)(u, v). In a similar way to the proof for (i), for
a map w which satisfies the Lagrangian boundary conditions and (III)
and the decay conditions (2) and (2′), we define x := xρ and y := yρ and
U(ε,ρ0)(u, v). If w ∈ M2III(γ−, γ+) ∩ U(ε,ρ)(u, v), then for a smooth map
fx there are constants C and C
′ and d > 0 such that
‖fx(0)‖Lp0;σ ≤ Ce−dρ,
‖Nx(ξ)−Nx(ξ′)‖Lp0;σ ≤ C ′(‖ξ‖Lp1;σ + ‖ξ′‖Lp1;σ)‖ξ − ξ′‖Lp1;σ ,
where ‖ξ‖Lp1;σ ≤ c and ‖ξ′‖Lp1;σ ≤ c and C ′ depends on c, and also for fy.
For ξ ∈ Ker{Ew : 〈 dda(a ∗ w)|a=0〉 ⊕ Lp1;σ → Lp0;σ}, we define similar ξˆ :=
(ξx, ξy) ∈ (〈 dda(a∗x)|a=0〉⊕Lp1;σ(x∗TX, x∗TL0, x∗TL1))⊕(〈 dda(a∗y)|a=0〉⊕
Lp1;σ(y
∗TX, y∗TL0, y
∗TL1)) as in the proof of (i). Let W
⊥
(w,ρ) be the L
2-
orthogonal compliment of W(w,ρ) := {ξˆ|ξ ∈ KerEw} in (〈 dda(a ∗ x)|a=0〉 ⊕
Lp1;σ(x
∗TX, x∗TL0, x
∗TL1))⊕(〈 dda(a∗y)|a=0〉⊕Lp1;σ(y∗TX, y∗TL0, y∗TL1)).
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Proposition 4.27 There are constants ε0 > 0 and ρ0 and C such that
for w ∈M2III(γ−, γ+) ∩ U(ε0,ρ0)(u, v) and ξ := (ξx, ξy) ∈ W⊥(w,ρ)
‖ξ‖Lp1;σ ≤ C‖(Exξx, Eyξy)‖Lp0;σ .
Proposition 4.28 There exist constants ε0 > 0 and ρ0 and C such
that for w ∈ M2III(γ−, γ+) ∩ U(ε0,ρ0)(u, v) there exists a map G(w,ρ) :
Lp0;σ(x
∗TX)⊕ Lp0;σ(y∗TX)→W⊥(w,ρ) such that
(Ex ⊕ Ey)G(w,ρ) = id,
‖G(w,ρ)ξ‖Lp1;σ ≤ C‖ξ‖Lp0;σ .
From these propositions and the Newton’s method, we can conclude that
there are constants ε > 0 and ρ and C and a smooth map
♯′ :M2III(γ−, γ+) ∩ U(ε,ρ)(u, v)→ K ×K ′, w 7→ (expx(ξw;x), expy(ξw;y))
with ‖ξw;x‖Lp1;σ ≤ C‖∂Jtx‖Lp0;σ and ‖ξw;y‖Lp1;σ ≤ C‖∂Jty‖Lp0;σ . Divide by
the R actions, and we obtain a map ♯ˆ′ : Mˆ1III(γ−, γ+) ∩ Uˆ(ε,ρ)(u, v) →
Kˆ × Kˆ ′.
From the construction of ♯ and ♯′, if ρ0 is large and ε is small enough,
then ♯ ◦ ♯′ and ♯′ ◦ ♯ are diffeomorphisms. We finish proving the gluing
argument (vi).
Next we will prove the gluing argument (vii). (Most of the proof is
similar to that of (ii), we will show a sketch.) Take a lift of Mˆ0III(γ−, γ′−)×
Mˆ0IV (γ′−, γ′+)×Mˆ0III(γ′+, γ+) inM1III(γ−, γ′−)×M2IV (γ′−, γ′+)×M1III(γ′+, γ+)
and consider the orbit of the lift by the similar R2-action to that of (ii).
Note that the orbit is diffeomorphic to Mˆ0III(γ−, γ′−) × Mˆ0IV (γ′−, γ′+) ×
Mˆ0III(γ′+, γ+)×R2. We choose a compact set S in the orbit, and we will
construct a gluing map ♯ : S× [ρ0,∞)→M2III(γ−, γ+). In a similar way
of the proof for (ii) we construct a strip wχ(τ, t) for χ := (u, w, v, ρ) ∈
S× [ρ0,∞) which satisfies the Lagrangian boundary conditions and (III)
and decay conditions (2) and (2′) and
‖∂Jtwχ‖Lp0;σ ≤ Ce−dρ,
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where C and d > 0 are constants depending only on S and ρ0. Moreover,
for ‖ξ‖Lp1;σ ≤ c and ‖ξ′‖Lp1;σ ≤ c,
‖Nwχ(ξ)−Nwχ(ξ′)‖Lp0;σ ≤ C(‖ξ‖Lp1;σ + ‖ξ′‖Lp1;σ)‖ξ − ξ′‖Lp1;σ ,
where C is a constant depending only on ‖∇wχ‖Lp0;σ and c. We define
similar e0ρ and e
1
ρ as in the proof of (ii). Let W
⊥
wχ be the L
2-orthogonal
compliment of Wwχ := 〈−β(−τ − 2τ0 − 2T−ρ) dda(a ∗ u|a=0(τ + 2T−ρ, t) +
e0ρ, β(τ − 2τ0− 2T+ρ) dda(a ∗w)|a=0(τ − 2T+ρ, t)+ e1ρ〉 in 〈 dda(a ∗wχ)|a=0〉⊕
Lp1;σ(w
∗
χTX,w
∗
χTL0, w
∗
χTL1).
Proposition 4.29 There exist constants ρ0 and C such that for χ ∈
S × [ρ0,∞) and W⊥wχ
‖ξ‖Lp1;σ ≤ Cρ
3
2
− 1
p‖Ewχξ‖Lp0;σ .
Proposition 4.30 There exist constants ρ0 and C such that for χ ∈
S × [ρ0,∞) there exists a map Gwχ : Lp0;σ → W⊥wχ such that
EwχGwχ = id,
‖Gwχξ‖Lp1;σ ≤ Cρ
3
2
− 1
p‖ξ‖Lp0;σ .
From these propositions and the Newton’s method, we can conclude that
there are constants ρ0 and C and a smooth map
♯ : S × [ρ0,∞)→M2III(γ−, γ+), ξ 7→ expwχ(ξχ)
with ‖ξχ‖Lp1;σ ≤ C‖∂Jtwχ‖Lp0;σ . Divide them by the R actions, we obtain
a gluing map ♯ˆ : Sˆ × [ρ0,∞)→ Mˆ1III(γ−, γ+).
The next step is to show the surjectivity of ♯ : S × [ρ0,∞) →
M2III(γ−, γ+). In a similar way of the proof for (ii), for a map h which
satisfies the Lagrangian boundary conditions and (III) and the decay
conditions (2) and (2′), we define x := xρ, w := wρ and y := yρ and
U(ε,ρ0)(u, w, v). If h ∈ M2III(γ−, γ+) ∩ U(ε,ρ0)(u, w, v), then for a smooth
map fx there are constants C and C
′
‖fx(0)‖Lp0;σ ≤ Ce−
1
ε
ρ,
‖Nx(ξ)−Nx(ξ′)‖Lp0;σ ≤ C ′(‖ξ‖Lp1;σ + ‖ξ′‖Lp;σ)‖ξ − ξ′‖Lp1;σ ,
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where ‖ξ‖Lp1;σ ≤ c and ‖ξ′‖Lp1;σ ≤ c and C ′ depend on c, and also for fw
and fy. We define similar e
0
ρ and e
1
ρ as in the proof (ii). Define W(h,ρ) :=
〈−β(−τ − τ0) dda(a ∗ x)|a=0 + e0ρ, β(τ − τ0) dda(a ∗ y)|a=0+ e1ρ〉 and H(h,ρ) :=
W(h,ρ)⊕Lp1;σ(x∗TX, x∗TL0, x∗TL1)⊕Lp1;σ(w∗TX,w∗TL0, wTL1)⊕Lp1;σ(y∗TX, y∗TL0, y∗TL1)
and the L2-inner product on H(h,ρ) by
〈ξ, ξ′〉H
(h,ρ)
:= 〈ξ, ξ′〉L2,〈
−β(−τ − τ0) d
da
(a ∗ x)
∣∣∣∣
a=0
+ e0ρ, ξ
〉
H
(h,ρ)
:=
〈
β(τ − τ0) d
da
(a ∗ y)
∣∣∣∣
a=0
+ e1ρ, ξ
〉
H
(h,ρ)
:= 0,
〈
−β(−τ − τ0) d
da
(a ∗ x)
∣∣∣∣
a=0
+ e0ρ, β(τ − τ0)
d
da
(a ∗ y)
∣∣∣∣
a=0
+ e1ρ
〉
H
(h,ρ)
:= 0,
where ξ, ξ′ ∈ Lp1;σ(x∗TX, x∗TL0, x∗TL1) ⊕ Lp1;σ(w∗TX,w∗TL0, wTL1) ⊕
Lp1;σ(y
∗TX, y∗TL0, y
∗TL1). Let W
⊥
(h,ρ)
be the L2-orthogonal compliment
of W(h,ρ) in H(h,ρ).
Proposition 4.31 There are constants ε0 > 0 and ρ0 and C such that
for h ∈M2III(γ−, γ+) ∩ U(ε0,ρ0)(u, w, v) and ξ := (ξx, ξw, ξy) ∈ W⊥(h,ρ)
‖ξ‖Lp1;σ ≤ C‖(Exξx, Ewξw, Eyξy)‖Lp0;σ .
Proposition 4.32 There exist constants ε0 > 0 and ρ0 and C such
that for h ∈ M2III(γ−, γ+) ∩ U(ε0,ρ0)(u, w, v) there exists a map G(h,ρ) :
Lp0;σ(x
∗TX)⊕ Lp0;σ(w∗TX)⊕ Lp0;σ(y∗TX)→ W⊥(h,ρ) such that
(Ex ⊕ Ew ⊕ Ey)G(h,ρ) = id,
‖G(h,ρ)ξ‖Lp1;σ ≤ C‖ξ‖Lp0;σ .
From these propositions and the Newton’s method, we can conclude that
there are constants ε > 0 and ρ and C and a smooth map
♯′ :M2III(γ−, γ+)∩U(ε,ρ)(u, w, v)→ S, h 7→ (expx(ξh;x), expw(ξh;w), expy(ξh;y))
with ‖ξh;x‖Lp1;σ ≤ C‖∂Jtx‖Lp0;σ , and also w and y. Divide them by the R
actions, then we obtain a map ♯ˆ′ : Mˆ1III(γ−, γ+) ∩ Uˆ(ε,ρ)(u, w, v)→ Sˆ.
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From the construction of ♯ and ♯′, if ρ0 is large and ε is small enough,
then ♯ ◦ ♯′ and ♯′ ◦ ♯ are diffeomorphisms. We finish proving the gluing
argument (vii).
Finally we will prove the gluing argument (viii). (Most of the proof is
similar to that of (ii), we will show a sketch.) Take a lift of Mˆ0V (γ−, γ)×
Mˆ0III(γ, γ+) inM2V (γ−, γ)×M1III(γ, γ+) and consider the orbit of the lift
by the similar R2-action to that of (v). Note that the orbit is diffeomor-
phic to Mˆ0V (γ−, γ)×Mˆ0III(γ, γ+)×R2. We choose a compact set S in the
orbit, and we will construct a gluing map ♯ : S×[ρ0,∞)→M2III(γ−, γ+).
In a similar way to the proof for (ii) we construct a strip wχ(τ, t) for
χ := (u, v, ρ) ∈ S × [ρ0,∞) which satisfies the Lagrangian boundary
conditions and (III) and decay conditions (2) and (2′) and
‖∂Jtwχ‖Lp0;σ ≤ Ce−dρ,
where C and d > 0 are constants depending only on S and ρ0. Moreover,
for ‖ξ‖Lp1;σ ≤ c and ‖ξ′‖Lp1;σ ≤ c,
‖Nwχ(ξ)−Nwχ(ξ′)‖Lp0;σ ≤ C(‖ξ‖Lp1;σ + ‖ξ′‖Lp1;σ)‖ξ − ξ′‖Lp1;σ ,
where C is a constant depending only on ‖∇wχ‖Lp0;σ and c. We define
similar e0ρ and e
1
ρ as in the proof of (ii). Let W
⊥
wχ be the L
2- orthogonal
compliment ofWwχ := {e0ρ, β(τ−2τ0−2Tρ) dda(a∗v)|a=0(τ−2Tρ, t)+e1ρ}
in 〈 d
da
(a ∗ wχ)|a=0〉 ⊕ Lp1;σ(w∗χTX,w∗χTL0, w∗χTL1).
Proposition 4.33 There exist constants ρ0 and C such that for χ ∈
S × [ρ0,∞) and W⊥wχ
‖ξ‖Lp1;σ ≤ Cρ
3
2
− 1
p‖Ewχξ‖Lp0;σ .
Proposition 4.34 There exist constants ρ0 and C such that for χ ∈
S × [ρ0,∞) there exists a map Gwχ : Lp0;σ → W⊥wχ such that
EwχGwχ = id,
‖Gwχξ‖Lp1;σ ≤ Cρ
3
2
− 1
p‖ξ‖Lp0;σ .
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From these propositions and the Newton’s method, we can conclude that
there are constants ρ0 and C and a smooth map
♯ : S × [ρ0,∞)→M2III(γ−, γ+), ξ 7→ expwχ(ξχ)
with ‖ξχ‖Lp1;σ ≤ C‖∂Jtwχ‖Lp0;σ . Divide them by the R actions, we obtain
a gluing map ♯ˆ : Sˆ × [ρ0,∞)→ Mˆ1III(γ−, γ+).
The next step is to show the surjectivity of ♯ : S × [ρ0,∞) →
M2III(γ−, γ+). In a similar way of the proof for (ii), for a map h which
satisfies the Lagrangian boundary conditions and (III) and the decay
conditions (2) and (2′), we define x := xρ and y := yρ and U(ε,ρ0)(u, v).
If h ∈ M2III(γ−, γ+) ∩ U(ε,ρ0)(u, v), then for a smooth map fx there are
constants C and C ′
‖fx(0)‖Lp0;σ ≤ Ce−
1
ε
ρ,
‖Nx(ξ)−Nx(ξ′)‖Lp0;σ ≤ C ′(‖ξ‖Lp1;σ + ‖ξ′‖Lp;σ)‖ξ − ξ′‖Lp1;σ ,
where ‖ξ‖Lp1;σ ≤ c and ‖ξ′‖Lp1;σ ≤ c and C ′ depend on c, and also for fy.
DefineW(h,ρ) := 〈e0ρ, e1ρ〉 andH(h,ρ) := W(h,ρ)⊕Lp1;σ(x∗TX, x∗TL0, x∗TL1)⊕
Lp1;σ(y
∗TX, y∗TL0, y
∗TL1), and the L
2-inner product on H(h,ρ) in a sim-
ilar way to that of (v). Let W⊥
(h,ρ)
be the L2-orthogonal compliment of
W(h,ρ) in H(h,ρ).
Proposition 4.35 There are constants ε0 > 0 and ρ0 and C such that
for h ∈M2III(γ−, γ+) ∩ U(ε0,ρ0)(u, v) and ξ := (ξx, ξy) ∈ W⊥(h,ρ)
‖ξ‖Lp1;σ ≤ C‖(Exξx, Eyξy)‖Lp0;σ .
Proposition 4.36 There exist constants ε0 > 0 and ρ0 and C such
that for h ∈ M2III(γ−, γ+) ∩ U(ε0,ρ0)(u, v) there exists a map G(h,ρ) :
Lp0;σ(x
∗TX)⊕ Lp0;σ(y∗TX)→W⊥(h,ρ) such that
(Ex ⊕Ey)G(h,ρ) = id,
‖G(h,ρ)ξ‖Lp1;σ ≤ C‖ξ‖Lp0;σ .
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From these propositions and the Newton’s method, we can conclude that
there are constants ε > 0 and ρ and C and a smooth map
♯′ :M2III(γ−, γ+) ∩ U(ε,ρ)(u, v)→ S, h 7→ (expx(ξh;x), expy(ξh;y))
with ‖ξh;x‖Lp1;σ ≤ C‖∂Jtx‖Lp0;σ , and also y. Divide them by the R actions,
then we obtain a map ♯ˆ′ : Mˆ1III(γ−, γ+) ∩ Uˆ(ε,ρ)(u, v)→ Sˆ.
From the construction of ♯ and ♯′, if ρ0 is large and ε is small enough,
then ♯ ◦ ♯′ and ♯′ ◦ ♯ are diffeomorphisms. We finish proving the gluing
argument (viii).
We observe the dimensions of the moduli spaces in gluing arguments.
For example, we consider the following case. Take a lift of
Mˆe0II′(p−, γ1−)× Mˆd1IV (γ1−, γ1+)× Mˆe1III(γ1+, γ2−)× Mˆd2IV (γ2−, γ2+)× · · ·
×Mˆek−1III (γk−1+ , γk−)× MˆdkIV (γk−, γk+)× MˆekII(γk+, p+)
in
Me0+1II′ (p−, γ1−)×Md1+2IV (γ1−, γ1+)×Me1+1III (γ1+, γ2−)×Md2+2IV (γ2−, γ2+)× · · ·
×Mek−1+1III (γk−1+ , γk−)×Mdk+2IV (γk−, γk+)×Mek+1II (γk+, p+)
and consider the orbit of the lift by the following R2k-action:
for ((0, 0), . . . , (al, 0), . . . , (0, 0)) ∈ R2k
((0, 0) . . . , (al, 0), . . . , (0, 0)) · (u0, w1, u1, . . . , wk, uk)
:= (u0, w1, u1, . . . , a ∗ wl, . . . , wk, uk),
and for ((0, 0), . . . , (0, bl), . . . , (0, 0)) ∈ R2k
((0, 0), . . . , (0, bl), . . . , (0, 0)) · (u0, w1, u1, . . . , wk, uk)
:= (u0, w1, u1, . . . , bl♯wl, . . . wk, uk).
Then the orbit is diffeomorphic to
Mˆe0II′(p−, γ1−)× Mˆd1IV (γ1−, γ1+)× Mˆe1III(γ1+, γ2−)× Mˆd2IV (γ2−, γ2+)× · · ·
×Mˆek−1III (γk−1+ , γk−)× MˆdkIV (γk−, γk+)× MˆekII(γk+, p+)×R2k,
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and we can construct a smooth map
♯ : S × [ρ0,∞)→Me0+···+dk+ek+2kI (p−, p+),
where S is a compact set in the orbit and ρ0 is a constant depending
on S. Divide them by the R-actions, then we obtain a gluing map
♯ˆ : Sˆ → Mˆe0+···+dk+ek+2k−1I (p−, p+). This implies that each element of
MˆdlI (γl−, γl+) contribute dimension 2 to
∑k
i=0 ei +
∑k
j=1 dl + 2k, the di-
mension of Me0+···+dk+ek+2kI (p−, p+).
5 Bubbling off phenomena for pseudo-holomorphic
curves
We owe most of this section to [11]. Let (R,∞)×M+ be a convex end of
X such that L0|(R,∞)×M+ and L1|(R,∞)×M+ are isomorphic to the products
of (R,∞) and Legendrian submanifolds. Assume that almost complex
structures on the end are of the form I t.
Lemma 5.1 If u is a pseudo-holomorphic strip, then the image of u is
contained in X \ (R,∞)×M+.
Proof. We denote u on (R,∞)×M+ by u := (α, u). We can compute
u∗dλ+ =
1
2
[gM+(πξ+uτ , πξ+uτ)
1/2 + gM+(πξ+ut, πξ+ut)
1/2]dτdt,
where uτ := u∗(
∂
∂τ
) and ut := u∗(
∂
∂t
), and
(−∆α)dτ ∧ dt = d(dα ◦ i)
= d(−u∗λ+)
= −u∗dλ+
= −1
2
[gM+(πξ+uτ , πξ+uτ) + gM+(πξ+ut, πξ+ut)]dτ ∧ dt,
where ∆ = ∂2/∂τ 2+∂2/∂t2. Then, by the maximum principle, the max-
imum of α has to be achieved at a boundary point p0 ∈ R×∂[0, 1]. Since
u∗(
∂
∂τ
)p0 is tangent to L0 or L1, u∗(
∂
∂τ
)p0 ∈ ξ+. We assume that almost
complex structures are of the form It, hence u∗(
∂
∂t
)p0 ∈ ξ+. Therefore
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the image of u is tangent to α(p0)×M+ at the boundary point p0, which
contradicts to the strong maximum principle.
From this lemma, it is enough for us to consider only concave ends.
In the following, we assume that our almost complex structures on
the symplectization of (M,λ) are of the form I t. We recall the following
important matter [11] and [12]. Let Φ := {ϕ : R → [0, 1], ϕ′ ≥ 0}. To
ϕ ∈ Φ we associate ωϕ := d(ϕλ) and define
EΦ(u) := sup
ϕ∈Φ
∫
Σ
u∗ωϕ,
for u : Σ→ R×M . Note that, if u is pseudo-holomorphic, then
u∗ωϕ = u
∗(dϕ ∧ λ+ ϕdλ)
=
1
2
[(ϕ′(α)(α2τ + α
2
t + λ(ατ )
2 + λ(αt)
2)
+ϕ(α)(gM(πξuτ , πξuτ ) + gM(πξut, πξut))]dτ ∧ dt.
Hence u∗ωϕ ≥ 0.
Hofer proved the following Lemma 5.2, Proposition 5.3, Theorem 5.4
and Theorem 5.5. Let Σ be C or R× S1 and u = (α, u) : Σ→ R×M a
pseudo-holomorphic map.
Lemma 5.2 If EΦ(u) <∞ and ∫Σ u∗λ = 0, then u is a constant map.
Proposition 5.3 If EΦ(u) <∞, then supz∈Σ |∇u| <∞.
Theorem 5.4 If there is a constant c such that supz∈Σ |∇u| < c, then
for β := (β1, β2) there exist constants cβ such that |Dβu| ≤ cβ.
Let φ : R×S1 → C\{0} be a map φ(τ, t) := e2pi(τ+it). We use v = (α, v)
to denote u ◦ φ : R× S1 → R×M .
Theorem 5.5 Let u : C→ R×M be a non-constant pseudo-holomorphic
map such that EΦ(u) < ∞. Then there is a closed characteristic x :
R/TZ → M and a sequence sk → ∞ such that xk(t) := v(sk, t/T ) con-
verges to x(t) in the C∞ topology.
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Note that the above closed characteristic x is contractible. We can prove
completely parallel arguments for Σ = {z ∈ C|Imz ≥ 0} to the above
results. Let Λ be a Legendrian submanifold and u = (α, u) : Σ→ R×M
is pseudo-holomorphic map such that u({z ∈ C|Imz = 0}) ⊂ R× Λ.
Lemma 5.6 If EΦ(u) <∞ and ∫Σ u∗λ = 0, then u is a constant map.
Proposition 5.7 If EΦ(u) <∞, then supz∈Σ |∇u| <∞.
Theorem 5.8 If there is a constant c such that supz∈Σ |∇u| < c, then
for β := (β1, β2) there exist constants cβ such that |Dβu| ≤ cβ.
Let φ : R × [0, 1] → {z ∈ R|Imz ≥ 0} be a map φ(τ, t) := epi(τ+it). We
use v = (α, v) to denote v := u ◦ φ : R× [0, 1]→ R×M .
Theorem 5.9 Let u : {z ∈ C|Imz ≥ 0} → R ×M be a non-constant
pseudo-holomorphic map such that EΦ(u) < ∞. Then there is a Reeb
chord x : [0, T ] → M from Λ to itself and a sequence sk → ∞ such that
xk(t) := v(sk, t/T ) converges to x(t) in the C
∞ topology.
Note that the above Reeb chord x is contractible. Moreover, we can
similarly prove the following theorem. Let Λ0 and Λ1 be Legendrian
submanifolds such that Λ0 ∩ Λ1 = ∅.
Theorem 5.10 Let u : {z ∈ C|Imz ≥ 0} \ {0} → R ×M be a non-
constant pseudo-holomorphic map such that EΦ(u) < ∞ and u({z ∈
C|Imz = 0,Rez > 0) ⊂ R × Λ0 and u({z ∈ C|Imz = 0,Rez < 0) ⊂
R× Λ1. Then u satisfies one of the following:
• There are Reeb chords x : [0, T ] → M from Λ0 to Λ1 and x′ :
[0, T ′] → M from Λ0 to Λ1 and sequences sk → ∞ and s′k →
−∞ such that xk(t) := v(sk, t/T ) converges to x(t) and x′k(t) :=
v(s′k, t/T
′) converges to x′(t) in the C∞ topology. (limk→∞ α(sk, [0, 1]) =
∞ and limk→∞ α(s′k, [0, 1]) = −∞.)
• There are Reeb chords x : [0, T ] → M from Λ1 to Λ0 and x′ :
[0, T ′] → M from Λ1 to Λ0 and sequences sk → −∞ and s′k → ∞
such that xk(t) := v(sk, t/T ) converges to x(1 − t) and x′k(t) :=
v(s′k, t/T
′) converges to x′(1−t) in the C∞ topology. (limk→∞ α(sk, [0, 1]) =
∞ and limk→∞ α(s′k, [0, 1]) = −∞.)
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• There are Reeb chords x : [0, T ] → M from Λ1 to Λ0 and x′ :
[0, T ′] → M from Λ0 to Λ1 and sequences sk → −∞ and s′k → ∞
such that xk(t) := v(sk, t/T ) converges to x(1 − t) and x′k(t) :=
v(s′k, t/T
′) converges to x′(t) in the C∞ topology. (limk→∞ α(sk, [0, 1]) =
∞ and limk→∞ α(s′k, [0, 1]) =∞.)
(Note that the first case is (V), the second is (V′) and the third is (IV).)
From here (−∞, R] × M denotes a concave end of X . Let ui :
R × [0, 1] → X be a sequence of pseudo-holomorphic strips with the
Lagrangian boundary conditions and {pi} a sequence of R × [0, 1] such
that |∇ui(pi)| → ∞. Then there is a sequence εi → 0 such that
εi|∇ui(pi)| → ∞,
|∇ui(z)| ≤ 2|∇ui(pi)| for |z − pi| ≤ εi,
see [11] and [14]. If
⋃
i{ui(z), |z− pi| ≤ εi} is contained in a compact set,
then we can adopt the usual bubbling off phenomena in closed symplectic
manifolds. Put ui := (αi, ui) on the concave end. Let qi be a sequence
such that |pi − qi| ≤ εi and αi(qi) → −∞. Take a sequence δi → 0
such that δi ≤ εi and αi(z) < R for |z − qi| < δi and ui({|z − qi| =
δi})∩({R}×M) 6= ∅. Then, from the mean value theorem, there is a point
q′i ∈ {|z−qi| ≤ δi} such that δi|∇ui(q′i)| → ∞. By slightly modifying {qi}
we may assume δi|∇ui(qi)| → ∞. First we consider the case when we
can choose a subsequence {qik} such that {|z − qik | < δik} ⊂ R × (0, 1).
(In the following we shall use {qi} to denote the subsequence.) Put
vi(z) = (bi(z), vi(z)) := (αi(qi+z/|∇ui(qi)|)−αi(qi), ui(qi+z/|∇ui(qi)|)),
then
bi(0) = 0, |∇vi(0)| = 1, |∇vi(z)| ≤ 2 for |z| ≤ δi|∇ui(qi)|.
Then we can conclude that there is a pseudo-holomorphic map v = (b, v) :
C→ R×M and a subsequence of {vi} which converges to v in the C∞loc
topology. Secondly we consider the case of Imqi → 0 and {|z − qi| <
δi}∩(R×{0}) 6= ∅, or Imqi → 1 and {|z−qi| < δi}∩(R×{1}) 6= ∅. Then
we can similarly obtain a pseudo-holomorphic map v : {z ∈ C|Imz ≥
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0} → R×M and a subsequence of {vi} which converges to v in the C∞loc
topology.
Let ui : R × [0, 1] → X be a sequence of pseudo-holomorphic strips
with the Lagrangian boundary conditions and {qi} a sequence ofR×[0, 1]
such that αi(qi) → −∞, where ui := (α, ui) on a concave end. Take a
sequence δi such that |αi(z)| < R for |z − qi| < δi and ui({|z − qi| =
δi}) ∩ ({R} × M) 6= ∅. If δi are bounded, then, from the mean value
theorem, there are points pi such that |qi − pi| < δi and |∇ui(pi)| → ∞.
In this case we can return to the previous one. If there is a subsequence
δik →∞, then we put
wk := (αik(z − Reqik)− α(qi), uik(z − Reqik)).
If there are points rk such that |∇wk(rk)| → ∞, then we can also return to
the previous bubbling phenomena. Hence we assume that the differential
of wk are bounded. Then there is a pseudo-holomorphic strip v : R ×
[0, 1] → R ×M and a subsequence of {wk} which converges to v in the
C∞loc topology.
Proposition 5.11 If ui are of the type (I) or (II) or (II
′) or (III) or
(III′), and
∫
R×[0,1] u
∗
iω ≤ C, then EΦ(v) ≤ e−RC.
Proof. Notation: K[a,b] := [a, b]×M ,Md := d×M and Cd := u−1((−∞, d]×
M). Let d1 ≤ d2 ≤ R and ϕ = ϕ(α) : R → [0, 1] a function such that
ϕ′ ≥ 0. Since ∂u−1(K[d1,d2]) = u−1(Md1) ∪ u−1(Md2) ∪ u−1([d1, d2] × Λ),
where Λ is Legendrian,∫
Cd2
u∗d(ϕλ)−
∫
Cd1
u∗d(ϕλ)
=
∫
u−1(K[d1,d2])
u∗d(ϕλ)
=
∫
∂u−1(K[d1,d2])
u∗(ϕλ)
=
∫
u−1(Md2 )
u∗(ϕλ)−
∫
u−1(Md1 )
u∗(ϕλ)
= ϕ(d2)e
−d2
∫
u−1(Md2 )
u∗(eαλ)− ϕ(d1)e−d1
∫
u−1(Md1 )
u∗(eαλ)
= ϕ(d2)e
−d2
∫
Cd2
u∗ω − ϕ(d1)e−d1
∫
Cd1
u∗ω.
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If u satisfies the exponential decay conditions, then limd1→−∞
∫
Cd1
u∗d(ϕλ) =
limd1→−∞ T (ϕ(d1)− ϕ(−∞)) = 0. Hence∫
Cd2
u∗d(ϕλ) = ϕ(d2)e
−d2
∫
Cd2
u∗ω − lim
d1→−∞
ϕ(d1)e
−d1
∫
Cd1
u∗ω ≤ e−RC.
For any ε > 0, there are ϕ ∈ Φ such that
EΦ(v)− ε ≤
∫
Σ
v∗d(ϕλ).
For any compact set K ⊂ Σ, there are ui such that∣∣∣∣
∫
K
v∗d(ϕλ)−
∫
K
(αi ◦ φi − αi(qi), ui ◦ φi)∗d(ϕλ)
∣∣∣∣ ≤ ε,
where φi : K → CR is a suitable map. Since u∗id(ϕλ) ≥ 0,∫
K
(αi ◦ φi − αi(qi), ui ◦ φi)∗d(ϕλ) =
∫
φi(K)
u∗id(ϕiλ) ≤
∫
CR
u∗id(ϕiλ),
where ϕi(α) := ϕ(α− α(qi)). Hence
EΦ(v) ≤ e−RC.
From this proposition we can apply Theorem 5.5 to v which is the limit of
the sequence {vi} and also Theorem 5.10 to v, the limit of the sequence
{wk}. Moreover, we can conclude the exponential decay conditions for v
[12].
Proposition 5.12 If there is an open neighborhood U ⊂ S1 × R2n of
S1 × {0} and an open neighborhood V ⊂ M of a closed characteristic x
with the minimal period τ0 and a diffeomorphism ϕ : U → V mapping
S1 × {0} to x such that ϕ∗λ = fλ0 with λ0 := dθ + ∑ni=1 xndyn and
a positive smooth function f : U → R satisfying f(θ, 0, 0) = τ0 and
df(θ, 0, 0) = 0 for all θ ∈ S1, then xk as in Theorem 5.5 converges to x
with the exponential decay conditions.
Similarly we can prove
62 Manabu AKAHO
Proposition 5.13 Under Assumption 3.3, xk and x
′
k as in Theorem 5.9
and 5.10 converge to x and x′ with the exponential decay conditions.
Under Assumption 3.2 there are no point qi such that |∇ui(qi)| → ∞
and αi(qi) → −∞, and under Assumption 3.5 v, the limit of wk, is
of the type (IV) or the trivial ones of the type (V) and (V′). Let ui :
R×[0, 1]→ X be a sequence of pseudo-holomorphic strips ofM2I(p−, p+)
and let {qsi }i=1,2,..., s = 1, 2, . . ., be sequences of R × [0, 1] such that
αi(q
s
i )→ −∞. Take a sequence δsi such that |αi(z)| < R for |z− qsi | < δsi
and {|z − qs1i | < δs1i } ∩ {|z − qs2i | < δs2i } = ∅ for s1 6= s2. We assume
δsi →∞, and put
wsi := (αi(z − Reqsi )− α(qsi ), ui(z − Reqsi )).
Then there are pseudo-holomorphic strips vs : R × [0, 1] → R × M
of MdsIV (γs−, γs+) or the trivial ones of (V) or (V′) and subsequences of
{wsi}i=1,2,... which converges to vs in the C∞loc topology. Assume that v1
and v2 are not the trivial ones, i.e., of the type (IV). Then we obtain
x ∈ MˆdxII′(p−, γ1−), y ∈ MˆdyIII(γ1+, γ2−) and w ∈ MˆdwII (γ2+, p+) such that
we can glue them with v1 and v2 to reconstruct ui. From Assumption
3.1 we can calculate dx + d1 + dy + d2 + dw = 2, which contradicts to
dx, dy, dw ≥ 0 and d1, d2 ≥ 2. Then there is at most one v of the type
(IV) which appears at the limit of the sequence {ui}. Similarly also for
sequences of pseudo-holomorphic strips of M2II(γ−, p+) or M2II′(p−, γ+)
or M2III(γ−, γ+).
Finally we completely finish proving Theorem 3.4.
A Newton’s method
In this appendix we adopt Newton’s method with proof [5] and [7].
Proposition A.1 (Newton’s method)Let (E, ‖ ‖E) and (F, ‖ ‖F ) be
Banach spaces and f : E → F a smooth map. We denote the Taylor
expansion of f by
f(ξ) = f(0) +Df(0)ξ +N(ξ),
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and assume that Df(0) has a right inverse G : F → E, Df(0)G = idF ,
such that
‖GN(ξ)−GN(ζ)‖E ≤ CN(‖ξ‖E + ‖ζ‖E)‖ξ − ζ‖E, (17)
for some constant CN . Then the zero-set of f in B := {ξ ∈ E|‖ξ‖E <
(4CN)
−1} is a smooth manifold, whose dimension is equal to that of
KerDf(0). In fact, if we put
K = {ξ ∈ KerDf(0)|‖ξ‖E < (4CN)−1},
K⊥ = {ξ ∈ GF |‖ξ‖E < (4CN)−1},
then there is a smooth map φ : K → K⊥ such that f(ξ + φ(ξ)) = 0, and
all zeroes of f in B are of the form ξ + φ(ξ). Moreover, we have the
estimate
‖φ(ξ)‖E ≤ 2‖Gf(0)‖E. (18)
On the other hand, if we have the inequality
‖Gf(0)‖E ≤ (8CN)−1, (19)
then there must exist the zeros of f in B.
Proof. If we put v := Df(0)u for u ∈ E, then Df(0)Gv = v = Df(0)u,
and Df(0)(Gv − u) = 0. Moreover, if we have Gb ∈ KerDf(0) ∩ GF ,
then 0 = Df(0)Gb = b, and KerDf(0)∩GF = {0}. Hence we obtain the
direct decomposition E = KerDf(0) ⊕ GF . Denote E1 := KerDf(0),
E2 := GF and F := G ◦ f : E1 ⊕ E2 → E2. For the natural projection
π : E1 ⊕ E2 → E2, we obtain DF(0) = GDf(0) = π, and the Taylor
expansion of F is
F(ξ) = F(0) + π(ξ) +N (ξ),
where N := GN . The inequalities (17) (19) become
‖N (ξ)−N (ζ)‖E ≤ CN(‖ξ‖E + ‖ζ‖E)‖ξ − ζ‖E, (20)
‖F(0)‖E ≤ (8CN)−1. (21)
Because G : F → GF is an isomorphism, we will prove the proposition
for F : E → E instead of f : E → F .
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For simplicity we denote the norm ‖ ‖E by ‖ ‖. From (20) we have
‖DN (ξ)ζ‖ ≤ ‖N (ξ + ζ)−N (ξ)‖+ o(ζ)‖ζ‖
≤ CN(‖ξ + ζ‖+ ‖ξ‖)‖ζ‖+ o(ζ)‖ζ‖,
where o(ζ) is a function such that limζ→0 o(ζ) = 0, and then
‖DN (ξ)(εζ/‖εζ‖)‖ ≤ CN(‖ξ‖+ ‖ξ + εζ‖) + o(εζ).
The limit of the above estimate as ε→ 0 is
‖DN (ξ)(ζ/‖ζ‖)‖ ≤ 2CN‖ξ‖,
and hence the operator norm of DN (ξ) satisfies
‖DN (ξ)‖ < 1/2
for ξ ∈ B. Moreover, from the differential of the Taylor expansion of F
we obtain
DF(ξ) = π +DN (ξ),
and then
DF(ξ)|E2 = idE2 +DN (ξ)|E2.
Hence, the restriction DF(ξ)|E2 : E2 → E2 is an isomorphism for ξ ∈ B.
Now we use:
Theorem A.2 (Implicit function theorem)Let F : E1 ⊕ E2 → E2 be
a smooth map, where E1 and E2 are Banach spaces, such that the dif-
ferential DF(ξ1, ξ2)|E2 : E2 → E2 is an isomorphism at zeros of F , i.e.,
F(ξ1, ξ2) = 0. Then there is a neighborhood Wξ1 ⊂ E1 of ξ1 and a smooth
map φξ1 :Wξ1 → E2 such that, for any ζ ∈ Wξ1, F(ζ, φξ1(ζ)) = 0.
Let ξ := (ξ1, ξ2) and ξ
′ := (ξ1, ξ
′
2) be in B such that F(ξ) = F(ξ′) = 0.
From the Taylor expansion of F
F(0) + ξ2 +N (ξ) = F(0) + ξ′2 +N (ξ′) = 0,
and then
‖ξ2 − ξ′2‖ = ‖N (ξ)−N (ξ′)‖
≤ CN(‖ξ‖+ ‖ξ′‖)‖ξ − ξ′‖
≤ 1
2
‖ξ2 − ξ′2‖.
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Hence we can write the zeros of F in B of the form (ζ, φ(ζ)), ζ ∈ E1, and
then {ξ ∈ B|F(ξ) = 0} is a smooth manifold whose tangent spaces are
isomorphic to E1.
From the equations
F(ξ1 + φ(ξ1)) = F(0) + φ(ξ1) +N (ξ1 + φ(ξ1)) = 0
F(ξ1) = F(0) + 0 +N (ξ1)
for ξ1 ∈ E1, we obtain
φ(ξ1) = −F(ξ1)−N (ξ1 + φ(ξ1)) +N (ξ1),
and then
‖φ(ξ1)‖ ≤ ‖F(ξ1)‖+ ‖N (ξ1 + φ(ξ1))−N (ξ1)‖
≤ ‖F(ξ1)‖+ CN(‖ξ1 + φ(ξ1)‖+ ‖ξ1‖)‖φ(ξ1)‖
≤ ‖F(ξ1)‖+ 1
2
‖φ(ξ1)‖.
This is the inequality (18).
Finally we prove the existence of the zeros of F in B when the in-
equality (21) holds. Define a map g : E → E2 by
g(ξ) := −F(0)−N (ξ).
Because the inequality (20) with ξ ∈ B and ζ = 0 becomes
‖N (ξ)‖ ≤ CN‖ξ‖2 < (16CN)−1
and the inequality (21) holds, the image g(B) is contained in H := {ξ ∈
GF |‖ξ‖ ≤ 3/(16CN)}. Moreover, for ξ and ζ ∈ B,
‖g(ξ)− g(ζ)‖ ≤ ‖N (ξ)−N (ζ)‖
≤ CN(‖ξ‖+ ‖ζ‖)‖ξ − ζ‖
≤ 1
2
‖ξ − ζ‖.
Now we use:
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Theorem A.3 (Fixed points theorem)Let (X, d) be a complete metric
space, g : X → X a map such that
d(g(x), g(y)) ≤ Cd(x, y), x, y ∈ X
for some constants C < 1. Then there uniquely exists the pont y0 such
that g(y0) = y0.
We can find the fixed point y0 ∈ H with respect to a map g|H : H → H .
Then, from the Taylor expansion of F and the definition of g,
F(y0) = F(0) + π(y0) +N (y0) = 0,
i.e., y0 is a zeros of F . Note that y0 = φ(0).
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